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DEUTSCHE ZUSAMMENFASSUNG 


Nach dem neuesten Stand der Wissenschaft ist das Standard Model die erfolgreichste Theorie, die die Wech- 
selwirkungen zwischen der Elementarteilchen genau beschreiben kann. Es umfasst alle fundamentalen Wech- 
selwirkungen der Natur auBer der Gravitation. Seine Vorhersagen wurden zu einer hohen Genauigkeit gepriift. 
Dennoch wird es nicht als die fundamentale Theorie der Eichwechselwirkungen betrachtet. Es hat zu viele unbes- 
timmte Parameter. Es kann die Fermionenmassen nicht vorhersagen, und es gelingt ihm auch nicht, die geringen 
Neutrinomassen zu erklaren, welche in der letzten Zeit durch Experimente bestatigt wurden. Es verfiigt tiber 
keine Eichbosonen, die Nukleonzerfalle verursachen k6nnen, was fiir die Erklarung der Baryonenasymetrie des 
Universums erforderlich ist. Auch miissen C’P-verletzende Phasen kiinstlich in die CK M oder MNS Matrizen 
eingefiihrt werden. 

Die Nachteile des Standard Models kann man im Rahmen der grofen vereinheitlichten Theorien beseitigen 
welche grdfere Freiheitsgrade besitzen. GroBe vereinheitlichte Theorien, welche nur eine Eichkopplung besitzen, 
basieren auf Eichgruppen, die die Standardmodeleichgruppe beinhalten. Es gibt eine limitierte Anzahl solcher 
Gruppen. SO(10) ist eine voll symmetrische Eichgruppe, die iiber zwei Merkmale verfiigt: Es vereinigt alle 
bekannten Wechselwirkungen unter einer Kopplung und klassifiziert alle bekannten Fermionen einer Familie in 
einem einzigen Spinor. 

In dieser Arbeit untersuchen wir die groBe vereinheitlichte SO(10) Theorie durch Anwendung verschiedener 
Matrizendarstellungen, welche die Struktur der SO(10) klar zum Ausdruck bringen. Unsere Methode basiert 
auf zwei Schritten: Wir werden die expliziten Ausdrticke der Masseneigenwerte und Masseneigenzustande der 
physikalischen Eichbosonen von einer sogenannten quadrierten Massenmatrix ableiten, die tiber alle Informatio- 
nen der Mischungsparametern zwischen Eichfeldern, und den Phasen die zur Quelle der C'P-Verletzung dienen, 
verfiigt. Mit Hilfe dieser Analyse werden wir die expliziten Ausdrticke der Wechselwirkungslagrangedichte der 
geladenen Stréme, ungeladenen Stréme und farbgeladenen Stréme der SO(10) ableiten. Wir werden explizite 
Ausdriicke der Vektor- und Axialvektorkopplungen der ungeladenen zwei Stréme der SO(10) darstellen. Wir 
werden die Baryonen-, Leptonen- und Baryonen- minus Leptonenzahl verletzenden Prozesse und deren C’'P ver- 
letzenden Phasen, die auf der SO(10) beruhen, prisentieren. 

Das Higgs Potenzial, das in den Higgs Mechanismus eingefiihrt wird, werden wir durch eine Bearbeitung 
der SO(10) Higgsfelder im allgemeinsten Fall konstruieren, wobei wir insbesondere die ausdriickliche Matrizen- 
darstellung der Higgsfelder veranschaulichen werden. Der potenzielle Teil der Higgs Lagrangedichte wird uns 
die Eigenschaften des Minimums des Vakuums, und der kinetische Teil wird uns die quadrierte Massenmatrix 
der Eichbosonen durch eine spontane Symmetriebrechung liefern. Die Higgsfelder werden an den Fermionen mit 
Hilfe einer demokratischen Yukawakopplung gekoppelt. Dadurch werden wir explizite Ausdriicke der Fermionen- 
massen der dritten Generation erhalten, einschlieBlich der Majorana und Dirac Massen der Neutrinos. Wir werden 
eine Flavour-Eigenbasis fiir die Neutrinos einfiihren und die Masseneigenwerte und die Masseneigenzustinde der 
Neutrinos finden. Explizite Ausdriicke ftir die C'P-Verletzung im Neutrinosektor werden angegeben. 

In dem zweiten Schritt dieser Arbeit, werden wir samtliche oben genannten GrdBen auswerten. Wir werden 
unsere Auswertungen mit bekannten Groen aus dem Standard Model wie den W und Z Bosonenmassen, der 
Vektor- und Axialvektorkopplung des ungeladenen Stromes und den Fermionenmassen der dritten Generation 
vergleichen. Zusdtlich werden wir GroéBen wie Massen neuer Eichbosonen, Vektor- und Axialvektorkopplungen 
eines neuen ungeladenen Stromes, leichte Massen der linkshandigen und schwere Massen der rechtshandigen 
Neutrinos, Werte verschiedener Mischungsparametern und C'P verletzende Phasen usw. die jeweils nicht aus dem 
Standard Model bekannt sind, prasentieren. 

Die zu obigen Auswertungen benotigten Eingabewerte werden hauptsachlich durch zwei Quellen erworben: 
Zuerst werden wir die Vakuumerwartungswerte und die Eichkopplungen der SO(10) Wechselwirkungen im Rah- 
men der Vereinigung der Kopplungen durch Untersuchung der SO(10) Massenskalen so gut wie méglich bes- 
timmen. Erganzend, werden wir die Vakuumerwartungswerte und deren Phasen durch Justierung an die genau 
gemessenen Massen der bekannten Eichbosonen und Fermionen, die jeweils unter der Fermiskala liegen, bestim- 
men. Es wird uns gelingen, tiber 67 Parameter mit Hilfe von 7 Erwartungswerten, 5 Winkeln, einer Eichkopplung 
und einer Yukawakopplung vorherzusagen. 


ABSTRACT 


In the state of the art the Standard Model is the best gauge theory describing interactions among elementary 
particles. It comprises all of the fundamental interactions in nature except gravitation. Its predictions have been 
experimentally tested to a high level of accuracy. However, it is not considered to be the fundamental theory of 
gauge interactions. It contains a lot of arbitrary parameters. It can not predict the fermion masses and fails to 
explain the smallness of neutrino masses which have been observed by recent experiments. It contains no gauge 
bosons that can mediate nucleon decays via baryon and lepton number violating process, which are needed to 
explain the baryon asymmetry in our universe. Furthermore, C’P violation has to be introduced into the Ck M 
and MNS matrices by hand. 

The shortcomings of the Standard Model can be solved in the framework of grand unified gauge theories 
(GUTs) which have greater degrees of freedom. GUT’s which have truly one coupling constant are based on gauge 
groups that contain the Standard Model as a subgroup. There are a limited number of such gauge groups. SO(10) 
is a fully symmetric gauge group that has two outstanding features: It unifies all the known gauge interactions 
under a single coupling strength and classifies all the known fermions of a family under a single spinor. 

In this work, we will study SO(10) grand unification in its full extent by using different explicit matrix rep- 
resentations which exhibit the structure of SO(10) in a very transparent way. Our approach consists mainly of 
two stages: We will derive the explicit expressions of the mass-eigenvalues and mass-eigenstates of the physical 
gauge bosons from a mass squared-matrix that contains all the information about the mixing parameters among 
the gauge fields and the phases which are sources for C’P violation. In the light of this analysis, we will derive the 
explicit expressions for the interaction Lagrangians of the charged currents, the neutral currents and the charged 
and colored currents in SO(10). We will present explicit expressions of the vector and axial-vector couplings 
of the two neutral currents in SO(10). We will show how the baryon, lepton and baryon minus lepton number 
violating processes and their explicit CP violating phases are accommodated in the SO(10) theory. 

The Higgs potential that we use to implement in the Higgs mechanism will be constructed in a most general 
fashion through a careful study of the Higgs fields of SO(10), where we give special emphasis on illustrating the 
explicit matrix representation of these Higgs fields. The potential part of the Higgs Lagrangian will give us the 
properties of the minimum of the vacuum, and the kinetic part will give us the mass-squared matrix of the gauge 
bosons via spontaneous symmetry breakdown. The same Higgs multiplets will be coupled to fermions through a 
democratic Yukawa matrix. Thereby, we will derive explicit expressions for the fermion masses of the third family 
including Majorana and Dirac masses for neutrinos. We will introduce a flavor-eigenbasis for neutrinos and find 
the mass-eigenstates and mass-eigenvalues of the neutrinos. Explicit expressions for C’P violation in the neutrino 
sector will be obtained. 

In the second stage of our work, we will evaluate all the above mentioned quantities. We will compare our 
results with those of the Standard Model like the W and Z masses and the vector and axial-vector coupling of the 
NC current and the fermion masses of the third family. In addition, we will present the values of the physical 
quantities that are not present in the Standard Model like the masses of new gauge bosons, the vector and axial- 
vector couplings of anew NC’ current, the masses of a light left-handed and a heavier right-neutrino, the values of 
various mixing parameters and C’'P phases etc. 

The input values required for these evaluations will be acquired mainly from two sources: First, we will 
determine the vacuum expectation values and the coupling strengths of gauge interactions given by the SO(10) 
theory in so far as possible through studying the mass scales in SO(10) in the framework of coupling unification. 
Complementarily, we will determine the vacuum expectation values and their phases by adjusting them to the 
masses of the known gauge bosons and fermions below the Fermi scale which are accurately measured and known. 
We will be able to predict more than 67 parameters with an input of 7 vacuum expectation values, 5 angles, 1 gauge 
coupling and 1 Yukawa coupling. 
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1. INTRODUCTION 





Unification is presumably one of the most central claims of particle physics [1]. It furnishes the basis of the great 
achievement of the Glashow-Weinberg-Salam theory of electroweak gauge interactions commonly known as the 
electroweak theory [2][3][4][51[6]. The electroweak gauge theory is based on the SU(2); x U(1)y direct product 
gauge group and allows us to study the electromagnetic and weak interactions which have been regarded for long 
as separate interactions, in a single framework. Strictly speaking their theory is not a true unification. Since 
every gauge group requires its own gauge coupling, we are still dealing with two interactions having no common 
source. A pleasing situation could have been achieved if they were able to relate the separate gauge couplings 
in the electroweak theory through simple relations that follow from the properties of the involved gauge groups. 
Unfortunately the two gauge couplings g and g’ assigned to the SU(2); x U(1)y direct product respectively are 
just related over a mixing angle [7]. We have 
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Z — tandy (1.1) 
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where Oy is a free parameter of the theory [8][9]. In this brief introduction, we do not attempt to give a concise 
historical evolution of particle physics but rather aim at bringing important facts together that underlie some of 
the major steps leading to the idea of grand unified theories [10]. Let us continue with another widely accepted 
claim of particle physics: In the state of the art all interactions among elementary particles are described by gauge 
theories [11][12][13][14]. Indeed the electromagnetic theory has been the forerunner of gauge theories [15]. The 
strong interaction has been successfully described as a gauge interaction as well, particularly based on the SU(3). 
gauge group [16][17][18]. The strong interaction together with the electroweak interaction give the so called 
standard model based on the SU(3). x SU(2)r x U(1)y direct product gauge group [14]. To date there is no 
known discrepancy between the standard model and experiments. 

Due to the two claims highlighted above and the failure of the electroweak model being a true unification it 
turned out to be most natural to consider a gauge theory possessing a single gauge coupling and containing the 
standard model gauge group as a subgroup, to be a candidate grand unifying theory of all fundamental interactions 
as reviewed in ref. [19]. The pioneering grand unified gauge theory satisfying the above requirements has been 
proposed by S. L. Glashow and H. Georgi to be the SU(5) theory [20]. This theory has the same rank as the 
standard model but contains more degrees of freedom. It predicts the existence of additional gauge bosons which 
reside in the coset of the respective gauge groups. Actually this is always the faith of grand unified theories that 
every gauge group with a rank higher or equal to 4 will bring up new interactions. Consequently we are compelled 
to seek for new physics beyond the standard model in one way or the other. In the S'U(5) theory, these hypothetical 
gauge bosons do mediate the proton to decay into a positron and a neutral pion [21][22]. We have the reaction 


























































































































p—et+n° (1.2) 











Unfortunately the SU(5) theory predicts the proton to decay in 2 x 102°*!-7 years [23] which is faster than the 
recently measured lower bound and therefore the theory is in serious trouble [25]. The proton life time is 
sensitive to the gauge boson masses that mediate the decay process [26][27][28][29]. In general, gauge bosons 
mediating nucleon decays get masses at the order of the so-called grand unification mass scale at which the spon- 
taneous breakdown of the symmetry occurs. One can also implement a chain of spontaneous symmetry breaking 
which is usually the case. The grand unification mass scale is the energy scale at which coupling unification 
is achieved: The coupling strengths of separate interactions associated with the various subgroups of the single 
gauge group are subject to renormalization as we evolve them towards higher energies [30][31]. The behavior 
of the couplings strengths of Abelian and non-Abelian gauge theories at short distances are different. The latter 
type gauge theories for which the coupling strength at short distances decreases are referred to as asymptotically 
free [32][33][34], whereas in the former type theories, the coupling strength at short distances increases. The 
energy scale at which the strength of the couplings become equal determines the grand unification mass scale and 
should lie considerably high to avoid any unwanted effect like proton decay [35][36]. This requirement sounds 
tricky but the non-observation of the proton decay implies us that grand unified theories should deal with extremely 
high energies. The grand unification mass scale of the SU(5) theory lies roughly at 3.1 x 1014*°-3 GeV which is 
relatively low [23]. 











































































































From the other side, on rather aesthetical grounds one might find it unpleasant to observe that the fermions of a 
single family can not be assigned to a single fermion multiplet in the SU(5) theory which is another shortcoming of 
the theory [23]. This means that it does not satisfactorily predict the family structure of fermions. It also excludes 
the existence of a right handed neutrino which might seem as an advantage in the first place because this particle 
fails to exist, but recent findings suggesting that neutrinos have tiny masses have turned the existence of a right- 
handed neutrino into an attractive and interesting problem [37][38][39]. Finally we find it appropriate to mention 
that the S'U(5) theory does not explain why nature favors V — A currents over V + A. This is commonly known as 
the left-right asymmetry observed in nature and requires in our opinion further explanation by any candidate grand 
unified theory [40][41][42][43][44]. 

Of course the quest for grand unification does not end here. Another candidate gauge group for grand uni- 
fication has been proposed by H. Fritzsch and P. Minkowski to be the SO(10) theory [45][46]. This theory has 
rank 5 and provides more degrees of freedom which makes it phenomenologically very attractive. It provides a 
rich framework and addresses many problems remnant of the electroweak theory and even cosmology [47]. Some 
immediate features of the theory will be instantly summarized in the following: 

One of the most striking feature special to SO(10) is that it accommodates all the observed fermions of a 
family including the missing right handed neutrino within a single fermion representation. Through the eigenvalue 
operators of SO(10) one can fix various known charges of elementary particles. The spinorial representation of 
SO(10) and the related eigenvalue operators which make this possible will be given in § [2|and § 3|respectively. 
Through this feature, it successfully classifies our known spectrum of elementary particles [46]. But unfortunately 
it fails to give any hint why families repeat. 

Furthermore it suggests an initially left-right symmetric universe prior to any spontaneous symmetry break- 
down. The left-right symmetry imposed by the SO(10) theory becomes obvious when its structure is studied. This 
will mainly be done in §[3! This feature serves us a framework to study why physics close to the Fermi scale, best 
described by the electroweak theory favors left-handed currents over right handed ones. 

Another interesting feature is that it allows us to endow neutrinos both with Majorana and Dirac masses [10]. 
This feature can give rise to the existence of very massive right-handed neutrinos and almost massless left-handed 
neutrinos. The formal framework for studying the asymmetric behavior of neutrino masses is commonly called the 
see-saw mechanism and is naturally suggested by the theory. Thereby the SO(10) theory indirectly accounts for 
the non-observation of the right-handed neutrino below the experimentally accessible Fermi scale. In the SO(10) 
theory the masses of the leptons and quarks will be achieved through the Yukawa couplings in conjunction with 
the Higgs mechanism [48][49][50][51]. The Yukawa sector of SO(10) will be mainly studied in §(12| But before 
that a detailed knowledge of the SO(10) Higgs sector is essentially required [52][53]. The various Higgs fields 
that are physically most relevant will be studied in § 6] [7] 8] 9|and{10! As will be shown later in § [10] the observed 
left-right asymmetry of nature can closely be linked to the fact that left-handed neutrinos are almost massless and 
right-handed neutrinos are so heavy that they may only be produced in extremely energetic processes. 

We will also show in § |11.2)that the minimization of the Higgs potential can describe a left-right asymmetric 
vacuum under a specific condition. This condition will later help us to estimate the values of various quantities 
in SO(10). We are unfortunately faced with the fact that our ignorance about the Higgs couplings in the Higgs 
potential makes it impossible to evaluate the vevs from the minimum of the Higgs potential despite of the fact that 
we can solve the minimum for each of the vevs separately. Therefore we have to find the values of the vevs in that 
we make use of the standard model and the electroweak theory parameters like the W and Z masses as well as the 
strong and the electromagnetic interaction couplings etc. These procedure is mainly studied in §|14]and §|15| 

Furthermore in the SO(10) theory, CP violation can be induced by assigning certain Higgs fields that trans- 
form under the SO(10) gauge group with non-trivial complex phases. The Higgs sector of SO(10) is extremely 
rich and offers great amount of freedom to study C’P violation. The complex phases which induce C’P violation 
are collectively introduced in § [1 1]and will be evaluated in § [15] 

An additional feature of the SO(10) theory is that it accommodates new gauge bosons apart from those we 
know from the SU(5) theory which can mediate baryon and separately lepton number violating processes. These 
gauge bosons however conserve local B — L number at the vertices. Indeed the B — L number appears as the 
charge of a local U(1)s_1, gauge symmetry which naturally embeds itself into the SO(10) gauge group when 
a certain isomorphism between unitary and orthogonal groups are considered. This isomorphism and additional 
features of orthogonal groups are studied in § /2] The properties of these B — L carrying gauge bosons and the 
various interactions mediated by them will be studied in great detail in 8 3/and §|5/respectively. 

A novel feature of SO(10) is that it also allows local B — L violating gauge interactions to occur. These 
mechanisms rest on the transitions of quarks into leptons where the quarks and leptons sit in the same multiplet 
leading to the so called lepton-quark unification [54][55]. Lepton-quark unification is based on the SU(4),. gauge 
group which also embeds itself into SO(10) via an isomorphism [56]. These aspects are also studied in § 3]and 
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The SO(10) theory predicts a relatively high grand unification mass scale that prohibits the undesired fast 











decay of the proton [36]. Some estimates of the grand unification mass scales and the intermediate mass scales 
which are decisive on the masses of heavy gauge bosons will be given in §|14/ where we mainly study the coupling 
unification in the realm of SO(10). 

The SO(10) theory contains the electroweak theory as a sub-theory. Therefore it should be possible to recover 
various predictions and expressions of the physical observables of the electroweak theory [57][36]. From the other 
side, e.g. the expressions for the masses of the gauge bosons in the SO(10) theory, will not be as simple as 
those in the electroweak theory. We expect that the former expressions reduce to the latter ones if we switch off 
some of the relevant parameters. These parameters are mostly the vacuum expectation values pertaining to the 
intermediate mass scales governing the overall Higgs mechanism. The determination of the expressions for the 
gauge boson masses requires a detailed study of the Higgs sector present in the S'O(10) theory. We will give a 
special emphasis on finding exact expressions for gauge bosons masses. In this respect, a mass-squared matrix of 
the gauge bosons will be given in § (11.3) As will be seen later, the Higgs scalars can give rise to certain mixing 
among the gauge fields as they become massive. Consequently we will have to reexpress the various interaction 
Lagrangians in terms of the physical gauge fields and the physical currents which can be classified into 3 types. 
These will be the charged currents, the neutral currents and the charged currents which simultaneously carry color. 
These currents will be studied in § Such an analysis also allows us to see how the C'P violating phases come 
into the Lagrangians. 

Another feature of SO(10) grand unification is that it has the necessary ingredient to produce a net excess of 
matter over anti-matter. This will be studied in § /13} 

The overall symmetry breaking pattern and various vacuum expectation values and their phases as well as the 
mixing among gauge fields and the resulting mass eigenstates and the expressions for the mixing parameters and 
more will be all studied in § [11] Finally numerical estimates of the quark and lepton masses and the gauge boson 
masses as well as their mixing parameters and their CP phases will be presented in § [15] 

The above mentioned features and few more related with the SO(10) theory will be elaborated in great detail 
through out this work. In the remaining part of this brief introduction, we find it appropriate to deal with some of the 
fundamental aspects of gauge theories which are believed to underlie all elementary particle physics. In particular 
we will continue our excursion by briefly introducing the formal basis of the SO(10) gauge theory [58] [47]. 

The gauge principle is understood as the invariance of a Lagrangian with respect to certain types of transfor- 
mations which enable interactions to occur. Essentially it is demanded that these transformations are local, i.e., 
the rotation specifying parameters, say w, are co-ordinate dependent. In other words, we are insisting that a global 
invariance holds locally as well. Such theories are known as local gauge theories [59]. The set of matrices which 
induce transformations are chosen to form a group which is called the gauge group and the rotation specifying 
parameters give rise to the existence of a new vector field called the gauge field. This vector field naturally requires 
its own free Lagrangian which will be introduced in the next lines. If the vector field should not spoil the local 
invariance of the Lagrangian, we have to demand the gauge fields to be initially massless. The massless gauge 
fields acquire mass through the Higgs mechanism which will be implemented in our model in §/11! In order to give 
a self contained and short transition to the gauge theoretical formulation of the SO(10) theory, we highlight some 
basics steps in the procedure. These steps constitute the main approach, no matter what particular gauge group one 
deals with. Let be the representation matrices for the fermions. The spinorial transformation of a spinor can be 
formally stated as 
















































































Wy (87), Us = Van Us (1.3) 


The indices ab indicate entries of the matrix representation of the exponent. A more conventional approach is to 
use the notation on the right hand side in the above expression where U is a unitary matrix and denotes the matrix 
representation of the exponential term and W, is a spinor accommodating the fermions of a complete family which 
is achievable in SO(10). The entries and the size of the spinor will be studied primarily in §|4] For the moment 
the explicit form of the representation matrices ©,, of SO(10) are not interesting to us. They will be explicitly 
introduced in § 2] As it is well known from local gauge theories, the transformation of kinetic terms which involve 
partial derivatives generate non-invariant terms. Let us consider the transformation of the partial derivative of the 
spinor. We have 








O, V+ U O,Y + (0, U) YU (1.4) 
where the last term in the expression becomes an undesired term. Since we insist on imposing local gauge in- 
variance, it would be trivial to set U to a constant value. The well known remedy is rather to replace the partial 
derivative with a so-called covariant derivative. In this way the Lagrangian can be made locally gauge invariant. 
This is the general technique adopted in local gauge theories. The covariant derivative is defined as 

Dy = Op +tg Wy +d (1.5) 


Here W,» are real valued N(N — 1)/2 vector gauge fields with a,b = 1,...,N;N = 10 and Xap are the 
antisymmetric representation matrices and g is the coupling strength. The above inner product implies a sum over 
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the group indices ab. Note that if g vanishes not only the interactions but the terms defining local gauge invariance 
also disappear in the theory. Furthermore D,, is a matrix in the space of group indices. The second term appearing 
in the covariant derivative is usually known as the gauge term matrix. We will give special attention to the gauge 
term matrix and present its physical content in § 4/using different representations of &. The physical gauge fields 
of the theory are always complex valued linear combinations of W,,. The number of independent physical gauge 
fields is determined by the degrees of freedom possessed by the unification gauge group. For SO(10), we have 
45 gauge fields. The expressions of the physical gauge fields in terms of the W,»’s will be studied mainly in § 3] 
Under a gauge transformation, the vector fields W,, should transforms in such a way that the term 0,, U disappears. 
This is equivalent to expect the transformation of the covariant derivative of the spinor to be of the following form 

















D, WU D,Ww (1.6) 


This condition yields the desired transformation rule of the gauge term W,, - &. We have 


Wy DAW, S=0 WwW, D0 + One (1.7) 
g 


A further step is to find the transformation of W,,. This can be derived from the above equation. U and © do not 
commute in general. For the sake of simplicity, we can expand U around the identity by neglecting second order 
terms in the expansion. We have 


UY I —-igw-D, Ut Il +igw-Y, O,U2-igdw-Ed (1.8) 


The transformation rule of the gauge field W,, can be approximately obtained by substituting the above expansions 
into eq. (1.7). By neglecting higher order terms during the intermediate steps, we obtain 





W,/ 2=W,-E+ig|wE, W.-E]+ d,w-d (1.9) 


The above commutator can be handled by using the commutation and anti-commutation relations among the 
matrices and their generating I basis respectively which will be introduced in §|2} The commutator simplifies and 
we get the infinitesimal transformation rule of the gauge fields. We have 





Wab pw Wab pw + gWae We be + gJWbtc Wea mn =F OnWab (1.10) 


Trough comparing the last two equations, it is seen that we have projected out the &’s in the latter one. Finally we 
may add to the Lagrangian a gauge invariant kinetic energy term for each of the W,2? fields. The gauge invariant 


kinetic energy term is build from the field strength Poe which is defined as 


ie _ OnWe™ 2 ow,” = 9 (wow. _ wrw,") 
(1.11) 
ca _ oa ae g (ong _ wR) 


In the second line above, we have shown how the field strength transforms under a local gauge transformation. 
The final Lagrangian will be composed of the Lagrangian of the massless spinor field Y, and the Lagrangian of 
the massless vector fields Wg We have 


= 1 a - 1 
LaVint Dy V- TPM ORY = Vint de — 9 V (Wy ES) U- FEM Fy (1.12) 
—S eee a 
Kinetic energy of U Interaction 


Kinetic energy of W’s 


where the first term produces the Dirac equation and the second term is the kinetic energy of the gauge fields. 
The second term on the right hand side above contains all the interaction terms contained in the SO(10) theory. 
These are the fermion currents coupling to the various gauge fields through the coupling strength g. These will be 
presented in § [5] 

We also need to define a suitable Higgs Lagrangian that we can implement into the Higgs mechanism of our 
SO(10) model. This will be done in § 11] 








2. SOME FEATURES OF ORTHOGONAL GROUPS 


2.1 Real Representation of SO(N) 


Since the standard model is based on unitary groups, we find it appropriate to recall few elementary features of 
orthogonal groups before we start exploring the physical ingredient of a physically viable SO(10) model. 

In m dimensions one can define m(m — 1)/2 linearly independent and antisymmetric matrices to form a basis 
such that any real antisymmetric m x m matrix, say 4, can be expanded in terms of this basis with m(m — 1)/2 
coefficients of wa, where (a,b = 1, 2,...,m). Orthogonal rotations in m dimension can be obtained by exponenti- 
ating such antisymmetric real m x m matrices. The coefficients wa, in the former expansion will determine finite 
angles of rotations. Rotations in m dimension can be expressed as 


Ryy = et Pata (2.1) 


where gp are the basis and way, are rotation specifying real valued parameters which appeared as expansion 
coefficients. If the above rotation, acting on vectors, induce preserved length than this rotation will satisfy the 
condition Rm Rm? = 1. A suitable generating expression for the basis 1, where (a, b,c, d = 1,2,...,m) can be 
stated as 

(Dab) od = Sacdbd — dbeSad (2.2) 


where the indices cd are showing the entries of the matrix i, and the indices ab are the labels of the element in 
the basis [56]. Note that the number of degrees of freedom, i.e. the independent ways of possible rotations in three 
dimensions is three, that‘s why commonly SO(3) generators or the SO(3) basis is labelled with a single index 
running from | to 3. But for higher dimension this is no good convention any more. It is seen that in this basis for 
a # b, Nap will have zeros everywhere except at positions (a,b) and (b,a). These entries are occupied by +1 
and —1 respectively and additionally we have Uap = — Nba. The Lie algebra of Sigy is given through 














[Dabs Yea] = Sad Ube + ObeXuad = Sac ubd _ Obd Hac (2.3) 


This expression can be constructed using the representation [0/0.X,;, Xi] = 6;;, which yields the angular momen- 
tum generators used in quantum mechanics for (i, 7 = 1,2,3). We have 


3) 3) 


Mab = Xam -— Xa 
OX, OX 


seep M (2.4) 
It is seen from the Lie algebra of SO(m) that (a) two generators will commute when they do not have any common 
index and (b) a non-zero commutation arises when they have just one common index and no more. It is useful to 
note that any non-zero commutation yields on the right hand side a single generator although the right hand side 
of the expression is crowded in terms. The mutually commuting generators can be found using the property stated 
in (a); They are X12, Usa, Us6,... These generators form an Abelian subgroup i.e., the Cartan Subalgebra of 
SO(m). The rank of the algebra is equal to the number of mutually commuting generators. 


2.2 Spinorial Representation of SO(N) 











The spinorial representation of orthogonal groups appears in its simplest and clearest form in the S'O(3) case [56]. 
Since SU (2) is locally isomorphic to SO(3), a spinorial representation of SO(3) and hence spinorial finite trans- 
formations can be constructed using the basis of the SU (2) algebra through straightforward exponentiation 





Rg = e7* 7avwab (2.5) 


Jap are the Pauli matrices and wap are rotation specifying parameters. Note that in this context the Pauli matrices 
are labelled with two indices. The isomorphism between S'U(2) and SO(3) is equal to the fact that the Pauli 
matrices a, also satisfy the Lie algebra of SO(3) if they are expressed as 

Cab = rae a,b=1,2,3 (2.6) 


[Cab; Oca] =1 (dad Obe + be Oad — dac Obd — Obd Jac ) (2.7) 











It is seen that the Lie algebra above is similar to the real valued one of SO(3) given in eq. (2.3) except for the 
factor —2 appearing on the right hand side. This can be met by putting a —2 in front of the right hand side in 
eq. (2.2) so that the algebra is complexified [56]. But in fact this modification yields only imaginary valued 
antisymmetric matrices. To see the nature of the spinorial transformation of S'O(3), it is good to look at the 
following example [60]. It also serves as key point in generalizing the SO(3) spinorial representations to higher 
dimensions. Consider a complex valued 2 x 2 matrix MZ. The expansion of // in terms of a, yields; M = 
xo, + yo2 + zo3. A unitary transformation acting on M such that M’ = Ut MU induces orthogonal rotation on 
the coordinates (i.e., the coefficients in the expansion) x , y and z or equivalently on 01, 72, 73. We have 









































xv = « cos(23)+y sin(2() oy’ = o1 cos(23) +01 sin(28) 
yo =-y sin(23) +2 cos(28) d2/ =-—o; sin(23) +02 cos(2/) (2.8) 
ze = 2 a3 = 03 


where U is chosen to be diag (e’¥, e~**). It is seen that the unitary transformation U induces a double valued 
orthogonal transformation due to the argument 2/3 in the sines and the cosines. Furthermore the following quantity 
is left invariant 

a? + y? + 22 = (201 +y 02+ 202)" (2.9) 


The generalization from 3 dimensions to higher dimensions is straightforward and can be achieved through intro- 
ducing m traceless unitary I’ matrices such that the length of an m component vector is left invariant: 


xy" + x" Seca Se Lm? 4 (aiTy + rel Busses eel ar (2.10) 


The requirement that the sum of the squares is equal to the square of the sums will restrict the gamma matrices to 
satisfy the Clifford Algebra which is obviously fulfilled by the Pauli matrices for the SO(3) case as well [58]. We 
have 














{aly + Toa} =26a01 (2.11) 


Here 6ay carries Euclidean signature and Il is a unit matrix with appropriate size. The “,, basis of the spinorial 
SO(m) representation will be generated by these I matrices. These matrices will also satisfy the Lie Algebra of 
SO(m) with the property Xa, = —Noa. We have 














i= qWaTs) (2.12) 

[Dabs Yea] =1 (dad doc + be Nad - Sac Nod — Obd Dac ) (2.13) 

where a,b = (1, 2,...,m). Using the Yap basis, the spinorial transformation is finally obtained and is similar to 
the one in eq. (2.5). We have 

Rm = e7! Mab Wad (2.14) 


Note that Ris Fan! = Land Ngo = see This can be verified by looking at infinitesimal transformation. i.e, “ap 
are either real valued symmetric matrices or imaginary valued antisymmetric matrices. 


2.3 An Explicit Basis for the Spinorial Representation 


There is no general way to write down a basis that can produce the generators of the spinorial representation of 
SO(N). A conventionally useful way is to iterate the Pauli matrices using the tensor product while keeping at each 
step of iteration the Clifford Algebra satisfied [61]. In this technique each tensor product increases the rank of 
the subsequently resulting representation by one. The size of the matrix representation doubles itself as well. We 
should have in mind that the rank of SO(2m) and SO(2m + 1) are equal. A basis produced through m iterations 
will be a spinorial basis for each of one them. But SO(2m + 1) requires one more I’ matrix as an element in the 
basis. The Spinorial representation of SO(2m) is reducible and SO(2m + 1) is irreducible. The irreducible spinor 
of SO(2m + 1) will transform under a matrix representation with size 2™ , and is self conjugate and real. The 
spinor of SO(2m) is for all m reducible into two pieces, each with dimension 2’"—'. These two pieces are (i) real 
and self conjugate when m is even and (ii) complex when m is odd. The complex spinors in (72) are conjugate to 
each other and are called chiral or Weyl spinors. It should be noted that although the spinors are reducible for 
SO(2m), the representation with the dimension 2” may or may not be always block wise reducible into a size of 
2™~1) i.e., the reducible spinors may transform under a matrix representation with size 2”. A chirality operator 
can be defined to illuminate this fact: 














Tyive = (i) 7011 2---Tm (2.15) 
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This will be a matrix of dimension 2” and in some cases is block wise reducible depending on the [’ matrices. In 
this case the chirality operator assumes the form 


1 0 
[five = ( 0 -1 ) (2.16) 


The entry 1 is a 2”! x 2™ + identity matrix. The reduced spinors and the representation under which they 
transform is obtained through I’ ;;,~. We have 














et==(14T pie) D , Wt= 





(141 yive) (2.17) 





bole 
Notre 














Here the + signs in 7), simply indicate that they only transform the spinor U~ with the respective sign. U~ 
correspond to the chiral components of the spinor WV. If I'y;,¢ derived from a particular basis assumes the above 
form then W and © might be taken as 16 and 16 x 16 dimensional objects respectively and can be suitably expressed 


: i( 7) =(4 ) (2.18) 


If a block wise reducible representation can not be achieved then the chiral entries of the spinor are distributed 
over 32 dimensions and the generators are in size 32 x 32. Then we write UV = Ut + W- and) = )t4 D7 
respectively. In the remaining part we introduce 3 differently obtained bases A,B,C. 


2.3.1 Basis A 











The following one is a good example for a block wise reducible representation [61]. It is obtained by successively 
multiplying the second and third lines by 1 from the right where 1 is a 2 x 2 unit matrix. The multiplication is 
understood to be a tensor product. The identity (A; x B,)- (Ag x Bz) = (A, - Az) x (Bi - Bo) can be used to 
verify that the Clifford algebra given in eq. (2.11) is satisfied at each step of iteration. We have 




















Ty = OY XO, XO1X  ..... xX O01 X O01 X OY 
Ts = OY XO, XO1X  ..... xX O01, X 01 X 02 
T3 = OO, XO, XO1X  ..... xX O1 X O1 X 083 
V4 = 01X01, XO, X we X01 X02x 1 
Ts = 01X01, XO, X we X01 X03xX 1 
Ts = 01X01, XO, X we xo2x 1x 1 
Ty = 01X01, XO, X we xo3x 1x 1 
(2.19) 
Tom-2 = O1X09X1™x a... xl xix l 
Tom-1 = 01 X03X1™X a... xl x1ixl 
Tom = o2 X1xI1x a... xl x1ixl 
Tom41 = 03 X1Xx1xK Ow. xlxixl 
Here o, are the usual Pauli matrices where a = 1,2,3. The first 2m I matrices will produce the spinorial 


representation of SO(2m). If the last '2m41 is included, we obtain the spinorial representation of SO(2m + 1). 
It is seen that Dy;,e = 03 X 1x 1x 1x--- x 1. The diagonal generators of SO(10) for iterations up tom = 5 
are implicitly 


Myo) = 1x 1xi1xi1xao3 
Msa = 1x 1x 1 xX 03X03 
56 = 1x il x 03 X 03 X 03 (2.20) 
“78 = 1 xX 03 X 03 X 03 X 03 
Xo910 = 03 X 03 X03 X 03 X 03 


Looking at any of the :‘s as well as the non-diagonals, it is seen that in the first tensor product they evolve along 
the diagonals such that all off diagonal entries are zero. As I’ f;y¢ 1s in the form given in eq. (2.16) we may conclude 
that the representation transforming the chiral spinor have size 2”’~1.i.e, for SO(10) they are of size 16. 
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2.3.2 Basis B 














This basis is in particular not block wise reducible. It is often used in the literature [52]. The iteratively obtained 
basis is generated from the following set of equations: 


Tor = xt Kan. x 1 X02 X 03 X 03 X we. X 03 
—— ee ———— 
k—1 times m—k times 
Top-1 = 1x1 (2.21) 


news x 1 Xa, xX 03 X 03 X .... X 03 
——— 


k—1 times m—k times 


Here k starts with 1. There are k — 1 tensor products of 1 multiplying a2 from the left and m— k tensor products of 
o3 multiplying o2 from the left. The convention for the Pauli matrices are again as usual. The diagonal generators 














following from eq. (2.12) appear to be 412, 34,---+ and are 
Mokek-1 = —1x1 x... x 1x 1l xKogx 1x1xI1x..... x1 
———— Se (2.22) 
k—1 times m—k times 


There are k — 1 tensor products of 1 acting on o3 from the left and m — & tensor products of | acting on from the 
right. Note that the tensor product is associative but not commutative. Tyj,~e = 03 X 03 X o3--- It is seen that 
during the iteration, 2; for k = 1 evolves not along the diagonal as I'2,_1. This spoils somehow the possibility of 
having 16 dimensional matrices. It should be from now on expected that many gauge fields will lie in off diagonal 
blocks of size 16 in the adjoint representation. We have 


Ty = O01 X 03 X 03 X 03 X 03 T, = 02 X 03 X 03 X 03 X 03 
T3 => 1 xX oj X 03 X 03 X O83 T4 = 1 X 02 X 03 X 03 X 03 
Ts => 1x 1 xo, X 03 X 03 T¢ = 1 x 1 X a2 X 03 X 03 (2.23) 
Ty = 1x 1x1xo,xo3 Ts = 1x 1x 1 xk 00X 03 
Tp = 1x 1x1xIlxa Tio = 1x1xk 1x 1 xa 


It is also possible to do it the other way around. Indeed, we prefer to re-label the [' basis; 7), 2, 3, P'4 will be 


labelled as ['7, I's, '9, 19 respectively and 's5,..., 119 will be called T;,..., I¢.The new assignment is 
Ty = O01 X 03 X 03 X 03 X 03 Tg = 02 X 03 X 03 X 03 X 03 
T9 => 1 xX oj X 03 X 03 X O83 Ti0 = 1 X 02 X 03 X 03 X O83 
Ty => 1x 1 xo, xX 03 X 03 T, = 1 x 1 x a2 X 03 X 03 (2.24) 
Ts = 1x 1x 1xo,xo3 Ta = 1x1x 1 X 00X03 


Ts = 1x1xi1xilxa Te = 1x 1x 1x1 xo. 





Both assignments satisfy the generalized form of the SO(10) basis that will be introduced in § [3] There is no 
strict requirement behind this re-labelling. The difference arises mainly in the appearance of the gauge term matrix 
which amounts to a redistribution of the physical fields. The latter is more convenient and will be used in §/4] We 
have 





“7g = 03X1x1xI1xi 
Mo10 => 1 xo3x 1 x1lxil 
Mio = 1x1 xo3 x1xil (2.25) 
M34 = 1x1xi1 xo3xi1 
Ms5 = 1x1x1 xi xao3 
2.3.3 Basis C 











A third basis that we introduce has a non-iterative structure and is rather hand made for SO(10) [62]. Its obvious 
advantage becomes clear when the gauge field structure is constructed and various embedding are done. This basis 
is block wise reducible and contains the SU(4) and SU(3) subgroups in its fundamental representation, i.e. a 
repetitive SU(4) and SU(3) structure along the diagonal, which is not achieved in the previous introduced ones. 
The I basis is defined as 





Ty = 01 X0,xX 1x1 xa T¢ = 01 X02xX 1 x01 X a2 
Tp = 01 X 02x 1 X03 X09 Ty = 01 X03X0,x 1x1 
T3 = O01 X01 xX 1 xX 02 X 03 Tg = 01, X 03 X 02 X% 1xil (2.26) 
Tg = 01 X02x 1 xoaoxl Tp9 = 01 X03X03X 1x1 
Ts = 01 X0,xX 1 xXogxX a4 Tio = o2x¥ 1x1xi1xil 





Here [fine is as in eq. 2.16) and given as DV yive = 03 X 1 X 1 x 1x 1. The Abelian subgroup of diagonal 
generators is given by: 


M42 = 1 xo3xX1xoa3x1 
sa = 1 xo3xX1 x1 xo3 
56 = 1 x03 x1 xX 03 X% 03 (2.27) 
“7g = 1 k1 xo3x1xi1 
“910 => 03 X03 X03xX1x1 


2.4 The Maximal Subgroup SO(6) x SO(4) and U(5) 


A maximal subgroup of a group G is by definition a subgroup of G which has not a lower rank than the group G 
itself. The generators of this maximal subgroup can be selected out of the 45 generators of SO(10) through the 
following choice. 


(2) Usoe) = {V Yyl 14,7 =1,2,3,4,5, 6} 
(2.28) 
(b) Uso(4) = {Vv Ti | 1,9 = 7,8,9, 10} 


The groups entering the direct product or the generators of each group in (a) and (b) do mutually commute. The 
above maximal subgroup can also be obtained from the Dynkin diagram of SO(10) [56]. This can be formally 
stated as 














[Xso), Usoca)] = 0 (2.29) 


and can be verified using the Lie algebra given in eq. (2.13). It should be noted that it is not always the case to 
assign the first six and the last four indices to Ugo(6) and go 4) respectively. The choice can be inverted, which 
induces a redistribution of the fields within various matrix representations of the Higgs fields and gauge fields. 
However the physical content will be left unaltered. The rank of SO(10) is 5, and it is seen that SO(6) x SO(4) 
has the same rank amounting to a maximal subgroup. 

Another maximal subgroup of SO(10) is the U(5). One can equivalently transform a 10-component real vector 
as a five component complex vector [47]. The content of U(5) in terms of the SO(10) generators will postponed 
to a further section, because the correspondence between the generators of U(5) and SO(10) follow from an 
embedding procedure. 





























2.5 Some Isomorphisms in SO(10) 


As we deal with spinors so the unitary representations will be required. This means that we will not use the &’s 
of SO(6) as single objects but consider certain combinations which produce the isomorphically equivalent unitary 
group SU(4). Note that they have the same number of generators. We have 











Uy = (S45 + X36) /2 Ug = = (X23 + Xy4)/2 

Uz = (X53 + Dae6)/2 Uio == (X31 + Loa) /2 

U3 = (X65 + Da3)/2 Ui1 = (a5 + Digi) /2 

U, = (S52 + Ue61)/2 Ujg = (U5, + Ne62)/2 (2 30) 
Us = (S15 + M62) /2 U3 = (S45 + Ye3)/2 : 
Ug = (X23 + Ya1)/2 Uia = (Ds3 + Hga)/2 

Uz = (X31 + Uae) /2 Uys = (X21 + X43 + Ds6)/(V6) 

Ug = (221 + N34 + Yes)/(2 V3) 


These generators U;, satisfy the Lie algebra of SU(4), where the right hand side is subject to the Lie algebra of 
SO(6). We have 
(Ur, Tu] = tfkuv UL (2.31) 


There is summation over v, where k, 4, = (1,..., 15). The structure constants are summarized in Table (2.1) [63]. 
Another possible isomorphism in SO(10) applies to the SO(4) part of the maximal subgroup. The generators of 
the SO(4) group can be organized in the following form 

















Ty = (X79 + E108) /2 Ri = (X79 + Xgio)/2 
Ly = (gg + Y107)/2 Ry = (X98 + U710)/2 (2.32) 
D3 = (Ug7 + X109)/2 R3 = (Xg7 + XY910)/2 
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Thereby SO(4) becomes isomorphic to SU(2), x SU(2) pr [56]. The above embeddings fulfill the following Lie 
algebras: 











(Ux, Lj] = (Ue, Rj) =0, [Ri, Rj] =teijeRe, (Li, Lj] =teijeLr, [L;, Ri] =0 (2.33) 


The subscripts L and R differentiate the SU(2) groups in the SU(2); x SU(2)r product and have no physi- 
cal meaning unless one considers a definite assignment of the elementary particles to spinors under which they 
transform. 


9 7 8 | 8/8 9 10 
10 9 8 ll 
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Tab. 2.1: Non-zero structure constants fry, of SU(4), the feu, is antisymmetric under permutation of any two 
indices. These structure constants match exactly with those of the Fundamental representation con- 
structed as in the Gell-Man way. 
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3. THE STRUCTURE OF SO(10) 


3.1 The Fields and Generators 


In this section, we shortly introduce the general form of all the fields and generators, namely the 45 that will be 
used in the remaining parts of this work. The analysis is based on the SO(6) x SO(4) maximal subgroup [46]. 
The general form we introduce is not unique but convenient. This work contains three separate SO(10) models 
which are physically equivalent and are derived from different bases found in literature. Therefore a common 
prescription might be necessary, e.g. Ug, in any of the three models is set equal to (U; + i U2)/2. The gauge 
fields related to this generator carry the same quantum numbers in any of the models (bases). On the other side 
the Xp content of, for example, U; is the same in all models, but the entries of 14, is representation dependent. 
We mainly adapted this procedure to reduce the size of the text, and to develop a unique perspective through out 
this work. An important property of this general structure is that it applies to all models in our work and obeys the 
same Lie algebra of the fundamental representation given in eqs. (2.31) and (2.33). Our definitions are as follows: 
we define for SU(4), 15 real valued V; fields and 15 U; generators. All generators are 32 x 32 in size. They act 
on a 32 component spinor which contains the right and left handed 16 fermions. The assignment of the fermions 
are representation dependent and will be given for each model separately. The 8 gauge fields G; of the subgroup 
SU(3)- and their 8 raising and lowering generators U; are : 
































G, = Ga = (Vi + iVa)/V2 Ue, = Ub, = (U1 — U2)/2 

Go = Gs = (Va + iVs)/V2 Uc, =U}, = (Us — iUs)/2 

G3 = Ge = (Ve + iVz)/V2 Ua, = Ub, = (Us — U7) /2 (3.1) 
G7 = G7 = (V3V3 + Va)/2 Ua, = (U3/V3 + Us)/V2 

Gs = Gg = (—V3V3 + Va)/2 Ucs = (-Us/V3 + Us)/v2 


6 of the remaining fields are grouped into two parts which are conjugated to each other. These are the lepto-quark 
fields. 


X1 = X4 = (Vo + iVo)/V2 Ux, =U, = (Us — Ui0)/2 
Xo = X5 = (Vii + Viz) /V2 Ux, =UL, = (Ui — Wiz)/2 (3.2) 
X3 = Xe = (Vis + Via)/V2 Ux, =U, = (Uis — as)/2 


We denote the B — L eigenvalue generator with Ug_y;. The corresponding B-L gauge field will be denoted with 
X p_y. We have 


B-L=Up_z = 2V/2/3Ui5,  Xp-1=Vis (3.3) 


The gauge fields and generators of SO(4) = SU(2)z x SU(2)pr in any model are defined as 


Wi = (Wz + iWz)/V2 i. Sh 42 
We = W; [Io = Lz (3.4) 
Wz = (Wz — iWz)/V2 L_ = (Li +iL2)/2 


Here W} and W}, for i = (1, 2, 3) are real valued scalar fields. L; are R; are the SU(2);, and SU(2)p generators 
respectively. The physical gauge fields we and Wp °° are defined as 








Wit = (Wr + iWp)/V2 R, = (Ry —iR2)/2 
We = W3 Ro = Rg (3.5) 
Wy = (Wh —iw2)/v2 R_ = (Ri +iRe)/2 


The elements of the two groups are by definition always commuting. The above fields make the SO(6) x SO(4) 
part of SO(10). There are 24 more gauge fields which belong to SO(10) and lie outside the maximal subgroup 
SO(6) x SO(4). We denote their generators with S; which are as before 32 x 32 matrices. The raising and 
lowering generators of these 24 gauge fields can be constructed from the 51,24 generators. These raising and 
lowering generators will be denoted with D;. The first 12 can be grouped into two mutually hermitian conjugate 
parts. We have 


De = Wee) 2 


Dare = (Se +iSe+e) /2 (3.6) 





where & = 1,...,6. Dy,...,Dg and D7,..., D2 are coupling to new bosons which we denote with Aj, ..., Ag 


and their conjugates with Aj, ..., Ag respectively. The next 12 D generators are grouped similarly as 


Desi2 = (Sk+12 —iSp418) /2 


. 3.7 
Desig = (Skt12 +iSp41g) /2 7) 





where k = 1,...,6. These Dj3,..., Dig and Djg,..., D24 couple to bosons which we denote with Yj,..., Y6 
and their conjugates with Y,...,Y respectively. These gauge bosons historically emerged first in the SU(5) 
context of grand unification. The former ones are special to SO19. To make things look more tidy, we adapt 
here a further convention: The first three bosons in Aj,..., Ag will be denoted with A,, A,, Ap and the last three 
with A’, AG, Ay. The indices show SU3 color. Also the first three bosons in Y;,..., ¥@ will be denoted with 


Y,, Y,, Y, and the last three with Y/, ee Y;. This convention is not arbitrary and will be shown to hold once the 


charges of these gauge fields are recovered. The set of D generators should be handled correspondingly. We let 
{Dy, Dag, D3} = Da,, {Ds, D4, Ds} = Dar, 7 {Dis, Diya, D5} = Dy, and finally {D16, Dy7, Dis} = Dy:, 
where a denotes color i.e., r, g, b in each triplet. Furthermore we introduce 24 real scalar fields V; that make the 
Aq , A’, and Yq, Y/, gauge fields. We have 


Ay = Ay = (Vi +iV7)/V2.¥, = V1 = (Vis + iVig)/V2 
Ag = Ao = (V2 + iVs)/V2 -Yy = Yo = (Via + iVo0)/V2 
Ap = Az = (V3 +iV9)/V2  -Yy = Y3 = (Vis + iVa1)/V2 
(3.8) 
Al. = Ag = (Va +iVio)/V2 YJ = Ya = (Vig +: iV22)/ 
Al. = As = (V5 +iVi1)/V2 -Y¥) = ¥5 = (Wiz + iVo8)/ 
Al. = Ag = (Ve +iViz)/V2 Yi = Ye = (Vig + iVoa)/ 


The generators U; fori = (1,...,15) of SU(4) and L; for i = 1,2,3 of SU(2), and R; for (¢ = 1, 2,3) of 
SU (2), in terms of &’s are collectively defined as 














Some 


) 
) 








U, = (N45 + N36) /2 

1 = A5 : 36)/ Ly = (S79 + Niog)/2 
Uz = (Us53 + Uae) /2 L -(¥ x 2 
_ - i )/2 2 => 98 T 107)/ 

3 65 + X43 L3 = (Xg7 + X109)/2 
Us = (X52 + Uei)/2 oe = 
Us = (Ns, + Ne2)/2 

5 ~ on 7 ae Ry =(X7o+ Xgio)/2 
Up = = (93 a1)/ Ry =(> ») 

x c 2 = (Xgg + Y7i0)/2 
Uz == (S31 + Nea) /2 R3 = (Sg7 + Noi0)/2 
Ug = (2Nq1 + Usa + Nes)/(2 V3) : — 
(3.9) 

Up» = Y93 +r dy4 /2 


) 
Uyo == (X31 — Yaz) /2 
Uy, = (He5 + Y61)/2 
Uy. = (51 + Yea) 
Ui3 = (X45 + Ueg3)/2 
¥53 + Liga) /2 


ss 
is 
l| 








Uis = Ne Fc d43 _ X65)/(V6) 


The normalization of the basis is such that Tr(U;U;) = Tr(L;L;) = Tr(R:R;) = 46;;. The Lie algebra of 
the above set of U; basis is given in Table (2.1). The generators satisfy ;[Ux, Ui, = ify U, where there is a 
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summation over v for k, u,v = 1,...,15. The S; basis related with the gauge fields lying outside the maximal 
subgroup for 2 = 1,...24 will be defined in terms of May as 











S, = (X75+568)/2 Si3 = (X95 + Yei0) /2 

Sy = (Xg7+X4g)/2 Sig = (439 + Vaio) /2 

S3 = (U71+Ug2)/2 Sis = (S91 + Yio2) /2 

St = (%59+Xe10)/2 Sig = (X75 + Lge) /2 

Ss = (X%93+Ea10)/2 Siz = (X37 + Dga) /2 

Se = (X19 + X102)/2 Sig = (S71 + Xag) /2 (3.10) 
Sz = (Ue +¥g5)/2 Sig = (X96 + Dios) /2 
Sg = (X7a+¥3g)/2 Soo = (X94 + Ysi0) /2 

Sg = (Xe7t+%Xgi)/2 So = (Xe9+Xio1) /2 

Sio = (Xe9+U105)/2 Se2 = (76 + Usg) /2 

Sir = (X49 + U310)/2 So3 = (74+ gz) /2 

Sig = (Xg2+X101)/2 Soa = (He7+ Dig) /2 


Here Tr(S;5;) = 46;;. The gauge fields entering the covariant derivative D,, are collected in the so called gauge 
term which was introduced in eq. (1.5). The above given conventions satisfy the following expansion 





. 9g ab 
+1 ——W* Ya 

v2 : 
(3.11) 








. 9 
+i—=(V -U+W,-L+WeR-R+V-S 
Ja! 5 R ) 
eo Au Arp 
V2 | Aor Asa 
where the real vector fields Wa» are the 45 gauge fields of SO(10) with a,b = (1,...,10). Here Aj; are 16 x 16 
entries. The values of these entries in the above matrix vary with the representation that is used for 4. Some 
examples will be given in §|4] The gauge fields are antisymmetric with respect to their group indices. i.e., Way = 
—Woa and they carry a 4-vector index pz, which is not explicitly shown. Using the above definitions, the gauge 
term can also be expressed in terms of the physical gauge fields. We have 
Up-L 
2 

















+ WLS + We Rs 








9 asrdb ; 3 XB_L 
+i2W® Fy = tigv2 (G-Ue+(X,:Ux, the Te ; 


Fi 


we we 
+19 + Ro + (Da, » Aa + Dar A + Dy, - Yo + Dy: - Yi + hic. 
Aa 0 Za o+ (Da, ‘AL, Yo Ye ) 


(3.12) 


The organization of the 45 real vector fields W,» as described in the above gauge term into complex vector fields 
yield the following equations. The 8 gluons fields in terms of Wy‘s are expressed as 





Ga=Gi= (Was + Wo6 + i Woz + i Wao) /2 

Gs =Gg= (Ws2 + Wer +7 Wee +7 Wis)/2 

Ge =G3 = (Wo3 + War +7 Wai + 2 Waz)/2 (3.13) 
Gr =G7 = (Wa, + Wag + 2 Wes)/V6 

Gg =Gg= (Wo, — 2 Wiz — Wes)/V6 


Here G!, G? and G® are conjugated to G*, G° and G® respectively. G’ and G® are made of diagonal elements. 
The lepto-quark gauge fields X,, the X g_, field and the Wee and WR fields in terms of W,»’s are given as 

























































































Wr~ = (Wog + Wio7 + iW79 + iWiog)/2 Xp =X, = (Wo3 + Wig + iW + iW) /2 
Wr° = (Wer + Wioo)/V2 Xg=Xq = (Wo, +Wer +iWs1 + iWo2)/2 (3.14) 
Wr = (Wos + Wrio + iWro + iWaio)/2 Xp = X3 = (Was + Wea + iWs3 + iWea)/2 
Wr° = (Wa7 + Wo10)/V2 Xp-pr = (Wai + Was — Wes)/V3 
The Aq, A’, Yo and Y/ gauge fields of the 45 in terms of the W,»’s are given as 
Ar = (Ws + Weg +iW7e +iWgs)/2  Y, = (Wo5 + Weio + tWo6 + tWios)/2 
Ag = (W37 + Wag +iWra + 1W38)/2 Yo = (W39 + Wario + tWoa + i1W310)/2 
Ap = (Wr + Wee +iWo7 +iWsi)/2 Yn, = (Wor + Wio2 + tWo9 + iWi01)/2 
(3.15) 
A, = (Ws9 + We1o +iWeo +iWios)/2 Ye = (W75 + Wee + iW + iWsg)/2 
A, = (Wos + Waro + tWag + iWai0)/2 Yo = (W37 + Wea + iWra + iWe3)/2 
A, = (Wio + Wio2 +iWo2+iWio1)/2 Ye = (Wr + Wag t+ itWo7 + iWig)/2 


18 


3.2. The Charges of the 45 Fields 


It can be shown that the raising and lowering generators defined in terms of 44, in the former section satisfy a 
series of commutation relations by using again the Lie algebra of 414). These commutation relations reveal the 
charges of the related gauge fields. First we consider the A, and the A’, gauge fields together with the Y, and the 
Y, gauge fields. We have 











Aa : [D;, Ls] = +3 D; oy [D;, Rs] = +3 Dd; 

AL? |[Diza, Ls] = 2 Dis3 , [Dis3,R3] = +3 Di+3 (3.16) 
Yo: [Digia, Ls] = +3 Disi2 , [Dip40, 83) = 5 Dita 

Yu: [Distis, £3) = —§ Disis , [Disas, Rs] = —§ Disis 











These equations hold for i = (1, 2,3). It is seen that these gauge fields carry simultaneously left and right isospin 
charges and decompose into a bi-doublet. Indeed we have arranged the S; basis such that the well ordered output 
is obtained. The color charges of the A, and the A’, gauge fields follow as: 














Ap: [Dy,Ug]) = +1/2 Dy D,,Us) = +1/2V3 D, 
Ag: [D2,U3] = —1/2 De D2,Us] = +4+1/2V3 De 
Ay: [D3,U3] = 0D3 D3,Us] = —1/V3 D3 
(3.17) 
Al: [D4,U3] = +1/2 D4 D4,Us] = +1/2V3 Da 
ve me = a Ds,Us]) = +1/2V3 Ds 
ee 6, U3] = 6 Ds,Us] = —1/V3 De 








From the above commutators, it is seen that the A, and the A’, gauge fields decompose into color triplets in the 
Us — Ug space. The color charges of the Y,, and the Y/ gauge fields follow as: 





Y,: [Di3,U3] = +1/2 Dig D13,Us] = +1/2V3 Dig 
Y,: [Dis,Us] = —1/2 Dig Dys,Ug] = +1/2V3 Dia 
Y: |Dis,U3]} = OD1s5 D15,Us] = —1/V3 Dis 
(3.18) 
Yi: [Dig,Us] = +1/2 Dig D1g,Us] = +1/2V3 Dig 
Yj: [Di7,Us] = —1/2 Diz Dy7,Us] = +1/2V3 Diz 
Y,: Dig, U3 = O0Dis Dy, Us = —1/V3 Dig 

















where Y, and Y/ also decompose into color triplets. The electric-charge eigenvalue operator is given through 
= /2/3Ui5 + Ls + Rs and applies to all known matter fields in SO(10). The electric charges of the above 
gauge fields are found as 


AZ: [Di+3,Q] = “3 Di+3 [Di43,(B—-L)| = “3 Dia3 (3.19) 
Yat. [(Dinis,Q] = “3 Dis12 [Di19, (B= LDL) = =a Di+12 : 
Yo: [Ditis,Q] = —§ Disis [Di+15, (B — L)] = Dis 














where i = (1, 2,3). Let us proceed with the gauge fields of SU(3) by investigating the following commutators. 
We have 








Ug,,U3} = +1 Ue, Ug,,Us| = 0 Ua, 

Ug,, U3] = +1/2 Ue, Ug,, Us| = +3/2./3Ua, 

Ua;,U3] = —1/2 Ua, Ua;,Us] = +3/2V3Uc, 

Ua; U3 7 —1 Ua, Vea; Us = 0 Ua, (3 20) 
Ug,,U3] = —1/2 Ue, Ug,;,Us] = —3/2/3Ue, 
Ug, U3] = +4+1/2 Ue, Ua,,Us] = —3/2V3Uc, 

Ug,, U3} = 0 Uc, Ug,,Us| = 0 UG, 

Ug,,U3| = 0 ker Ug, Us| = 0 Uas 











It is seen that the gluons decompose into a color octet in the U3 — Ug space. It can be shown that all of the 
Ug generators commute with Q, L3, R3 and (B — L). Consequently, gluons carry only color charge. The Ux 
generators commute with D3 and R3 and carry neither left nor right isospin. But they carry color. We have 





X,: [Ux,,U3] = +1/2Ux, [Ux,,Us] = +1/2V3 Ux, 
X,: [Ux,,U3] = -1/2Ux, [Ux,,Us] = +1/2V3 Ux, (3.21) 
Xp : [ Uxs, U3] — 0 Ux, [ Ux;,; Us] = -1/V3 Ux, 
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The X,, gauge fields decompose into a color triplet isospin singlets. The electric and B — L charges of the Xq are 


found as 
X, : [es Q] = = Ux, X, : [Ux (B _ D)| 
Xg: [Ux,, Q] = 5 Ux, Xg: [x (B= Ly 
Xp : [Uxs, Q] =) 3 = Ux, Xp : [U5 (8 = 8) 


q UX: 
= 5 Ux, (3.22) 
3 Ux, 


l| 


where Q and B — L are defined as before. The gluons, the X,’s and the X g_,, fields form the (15, a )) are he 


with respect to the maximal subgroup of SU(4) x SU(2), x SU(2)p. Finally we deal with the W;? and W;,° 








gauge fields. They commute with all generators of SU(4), thereby with SU(3) and B — L as well and carry no 


color and B-L charge. Their electric charges follow through 


Wi: [LQ] = +124 Wi: [RQ] = 
Ww? : [ Ls, Q] = 0 D3 We : | Rs, Q] = 
W,: [£-,Q]) = -1L_ Wr: [R-,Q] = 








A. 
0 Rs (3.23) 
-1R_ 


From the other side the W;’ ° and the we gauge fields decompose into isospin triplet vectors. We have 


We: [L+,L3]) = +127 Wi: [Rt, Rs] 
Ww; : [ Ls, Ds] = 0 D3 W3 : [ Rs, R3] 
Wr: [Lis] = =1L- Wr: [|R, Rs] 


I 


+1 Rt 
0 R3 (3.24) 
—-1R7 


They are singlets with respect to each other. All the above derived charges of the gauge fields in SO(10) are 


summarized in Table 3.1\ 





Charges of the 45 Gauge Bosons 


273 
-2/3 
-2/3 
273 
-2/3 








-2/3 
273 | 2 
9 73)| iy? 
23/3 | 09 
Bia) a1 72 
£073 |) uf 
5/3 2/2 











Tab. 3.1: Charges of the 45 Gauge Bosons 
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3.3 Weight Diagrams 


The decompositions of the 45 gauge fields with respect to SU3 x SU2, x SU2R x Ui p_yz can be found using the 
former commutation relations in § (3.2) and can also be directly read off from Table (3.1). We see that A,, Aig Ves 
and Y/ are all color triplets forming a bi-doublet. Their charge conjugates are color anti-triplets being a bi-doublet 
as well. The triplet and the anti-triplet is shown in the lower part of Fig. (3.1). These pairs are distinguished by 
their B — L charges. From the other side, the X,, fields form a triplet and the charge conjugated Xq fields form an 
anti-triplet. These are also distinguished by their B — L charges and are shown in the upper part of Fig. (3.1). In 
the same figure X g_, and the gluons are corresponding to the singlet and the octet fields. 









































U8 


U15 





(1,1,15) d,1,1) (1,1,3) (1,1,3) 


(2,2,6) (2,2,3) (2,2,3) 


Fig. 3.1: The decomposition of 45 with respect to SU3 x SU2, x SU2R x Uip_y. The L, R isospin weights are 
suppressed. Uis5 points out of page. 


3.4 Decompositions of the 45 


The 45 gauge fields decompose under SU4 x SU2; x SUgR , SU3 x SUg, x SU2R x Ui p_y, and SU3 x SU2, x 
Uy respectively as 

















45 = (15, 1, 1) 5 (6, 2, 2) at (1,3, 1) Tv (11,3) 
45 = (8,1, 1), + (1,3, 1) alle (1, 1,3) TT (3, 2, 2)_o75 + (3, 2, 2)o73 
\ \ \ \ “i 
G; We We AY YoAe 
; ALY! Aa 
(1,11), + (3,1, 1)o/3 oF (3,1, 1)_2/5 
1 L t 
XBL Xo Xo 
45 = 3; 1)o ay (1,3) i (1,1)9 + (3, 2)_575 2 (3, 2)573 (3.25) 
\ \ \ \ of 
Gi we Xp_t se gs Y,Vo 
+ (3, 2)1/3 = (3,2) _173 + (3,1 )a/s F (3,1) _9/3 =F ‘area 
| \_ | | 
Ay A. ee Xe Ra Wi 
tie = Te, 
1 L 
we Wr 
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3.5 The SU(5) x U(1) content of SO(10) 


3.5.1 Fields 


In this section, we will not go into a formulation of the well known SU(5) theory. But we will project out the 
SU(5) theory from the SO(10) theory for completeness and practical interest. At the end of this section, we 
will show which generators in SO(10) make the U(5) maximal subgroup. This procedure can be particularly 
useful when one considers to break the initial SO(10) symmetry spontaneously down to the intermediate SU (5) 
symmetry. 

The 24 gauge field analysis in terms of the $; basis given in eq. (3.10) is particularly fruitful because it contains 
some of the SU(5) fields that are also SO(10) fields. In any of our bases (Basis A, B or C), the Si3,..., S24 basis 
corresponds to 12 generators of the 24 dimensional SU(5) group. These span also the gauge fields which lie 
exterior with respect to the maximal subgroup of SU(5) which is the SU3 x SU2, x Uiy direct product gauge 
group. This maximal subgroup contains the 8 gluons, the we gauge fields and finally the hypercharge gauge 
field Xy. The eigenvalue operator for hypercharge is given through the linear combination Y = R3 + Up_,/2. 

From Table (3.1), it is seen that the Y, and Y/ gauge fields of the SU(5) theory when embedded in a richer 
SO(10) theory appear to decompose into right isospin doublets as well as left. It is obvious at this point that 
the SU(5) theory doesn’t provide a full left-right symmetry. In this respect the A, and the A’, gauge fields are 
complementary to the Y,, and the Y/ gauge fields and these appear as doublets under the decomposition of the 45 
with respect to SU(3) x SU(2) x U(1)y with a different hypercharge, respectively 1/3 and —1/3 as shown in 
eq. (3.25). Let use analyze the 24 fields in SU(5) whose known decomposition follows as 

















24 = (8,1) + (1,3), alr (1,15 a (3,2)_5/3 - (3, 2)5 73 
L L L t I 
“L Ei 2 
G Wwe Xy Yo, YZ ¥!, % 320) 
mixing 





Here the Xy is a mixture of the two (1, 1)o singlets which are the W? and Xp_r, given in eq.(3.25). The SU(5) 
generators will be useful. They are given in Table (3.2) [47]. The gauge term of the SU(5) theory reads 























0 

SUs4 0 

Ups 0 

0 

0 
00001 0000 -i 0000 0 
000 0 0 0000 0 00001 
Me=¢| 0 0°00 0 Uir=43] 0000 0 Uis=5] 0 0 0 0 0 
000 0 0 0000 0 000 0 0 
100 0 0 i000 0 0100 0 
0000 0 000 0 0 0000 0 
0000 -i 000 0 0 0000 0 
Ui=s}] 0 00 0 0 Un =5}] 0000 1 Un =3} 0 0 0 0 -i 
0000 0 000 0 0 0000 0 
0 i 00 0 0010 0 00% 0 0 
000 0 0 0000 0 1 0 @ oO 0 
000 0 0 0000 0 0100 O 
Ux=4] 0 00 0 0 Ux =4] 0 00 0 0 Uu=i75/ 9 0 10 «0 
00001 0000 -i 0001 0 
000 1 0 000 i 0 000 0 -4 


Tab. 3.2: The SU(5) generators in the fundamental form. The representation is normalized to Tr(UiU;) = 464; 
and the generators obey [U;, U,] = ifn, Uv , there is summation over v, where k, u,v =1,...,24 and 
i=1,...,15. The SU(4) part of these structure constants are tabulated in Table (2.1 
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a Cr Ge YE: 

(G2 G  Y, 
U-V=-=| G@ Go ts ¥ (3.27) 

M2) We ee oy We 


yo. -% We As 


where we have defined 25 real vector fields Vi. to get the adjoint representation of the gauge boson matrix. The 
SU (3) gauge fields are 








Gy = G4 = (Vi +iV2)/V2 Uc, = Ub, = (Ui — iU2)/2 
Go = Gs = (Va +iVs)/V2 Uc, = Ul, = (Us - iUs) /2 
G3 = in (V6 +iV7)/vV2 Ug, = Ub, = (Us — Uz) /2 (3.28) 
Gr = Gz = (V3V3 + Vs)/2 Ua, = (Us/V3 + Us)/v2 
Gg = os = (—V3V3 + Vs)/2 Ue, = (—U3/V3 + Us)/V2 
The diagonal entries in the gauge term matrix above are 
ae IG7 2Xy — Wa 4. 3Xy 
‘V6 30 v2) 30 
2G 2Xy Ww; 3Xy 
x2 = = - A5 = - + 3.29 
2 V6 V30 5 V2 /30 ( ) 
po FOR eee 
“V6 V6 30 
The SU(2)z, generators are 
1 1 
L,=U2g2 , Lo=U23 , Lg = Noy a te = diag(0, 0, 0, +5 —5) (3.30) 


and the SU(2)7, gauge fields are 


4 1 . 3 5 
Wr = [ive +4V23) , We= ~\f2vn or xf v2 (3.31) 


The U(1)y hypercharge generator and the Xy hypercharge gauge field is 


3 ( V10 5V6 ree 1 1 11 1, ae ys 
=--—4/- | — —U = —d ee = = 2) 
Y :( 7 Uoa + 7) °) 5 iag( 373° 3D? 5) Xy = Vi5 Vo4 (3.3 


The charge generator Q is by definition made to fit the 5 as below. If it is applied to the conjugate i.e, 5, Q should 


reverse sign. 
5 2 1 1 i 
=L ~Y = —-24/- = diag(—=,-=,-=,1 : 
" a+ Furs BES gy) oo) 


The Y, and Y, gauge bosons are 




















¥,=(Vo+iVio)/V2 Dip = Diy = Uy, = (Uy — 1Ut0)/2 
Yy =(Virt+iVi2)/V2 Diy = Dh = Uy, = (Un — iU)/2 
Yp = (Vig +iVi4)/V2 Dig = Di, = Uy, = Uj3 — iUj4)/2 
(3.34) 
Y! = (Vig +iVi7)/V2 Dy = Di, = Uy: = Uig — 1U17)/2 
= (Vig +iVi9)/V2 Dis = Diy = Uy; = (Uig — iUj9)/2 
= (V29 + iV21)/V2 Dis = Dh, = Uy; = (Uno — tUn1)/2 
Here Dj3,..., D4 are the raising/lowering generators of the SO(10) theory which correctly match the Uy, and 


Uy, of the SU(5) subgroup. Note that the Y, and YZ, gauge bosons above form a color triplet and posses the same 


charges as given in Table (3.1). From the other side the UE. and V; from above match those in eq. (3.1). This 
matching also holds for the isospin and hypercharge sectors. 
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3.5.2. Generators 


Owing to the correspondence among the fields achieved on basis of their charges and decompositions in the pre- 
vious section, it becomes possible to sort out the following set of generators on the left hand side which exist in 
SO(10). These generators can be matched with the U; of SU(5) for i = (1,...,24) given in Table 3.2)as shown 
on the right hand side below. Note that all generators are normalized to Tr(U;U;) = 46;;. The correspondence 
established between the two sets exhibits the property that they both satisfy the same Lie algebra given through 
(Ux, Uz] = ifeyy Uv. 

















i) 
pa 


tS 
a 
| 
i] 
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= (X79 + Uios)/2 
Ly = (X98 + X107)/2 
[3 = (Ug7 + X109)/2 


No 
wo 


U, = (X45 + Dz6)/2 ie @ 
Uz = (X53 + Dae) /2 Urs= Up 
U3 = (X65 + Da3)/2 Us= Us 
Uz, = (S52 + Ue61)/2 Us= U4 
Us = (X51 + Yee) /2 Us= Us 
Us = (X23 + X41) /2 Us= Us 
Uz = (X31 + Yaa) /2 Ur;= Ur 
Ug = (2021 + E34 + Des) /(2 V3) Us= Us 

Ug = S16 
S13 = (X95 + Lei) /2 Uio = S22 
Sia = (839 + E410) /2 DiS oy 
Sis = (X91 + X102) /2 Ui2 = 52s 
Sig = (75 + Dee) /2 Uis= Sis 
Siz = (X37 + Zea) /2 => ae a ,. (3.35) 
Sig = (X71 + Nag) /2 Uis= —1/3(44+,/34) 
Sig = (X96 + Uios) /2 Us= 
Se9 = (Noa + Ysio) /2 ies 
So. = (Sa9 + Yio1) /2 Ung= 
So2 = (X76 =F dsg) /2 Uio = 
So3 = (U7a + Dgs) /2 Un = 
Sea = (Ne7+ Nig) /2 Us = 

Un = 

U23 = 

U 





i) 
iS 
| 





Yoo= 5 /3(Ser + Xo10 + $221 + 2¥43 — X65) 


The hypercharge generator Y’ follows from the hypercharge eigenvalue operator R3 + (B — L)/2 and is above 
normalized to Tr[Y’.Y’] = 4. A technical detail that one encounters here is to properly label the direct product of 
SU(2) x SU(2), since the one that exists in SU(5), should be labelled with Z and consequently the other with R. 
The maximal subgroup of SO(10) was identified as U(5) = SU(5) x U(1), therefore the 25°” generator of the 
U(1) part should commute with all the above generators and is easy to identify from the charges summarized in 
Table (3.1). We have 














Uss= g(t - 32) (3.36) 


where T'r[ U25 - U25] = 4. We close this section with the following remark: It is also possible to study the SU(5) 
theory by using the above selected SO(10) representation. In this case the generator U25 will be related with the 
global conservation of B — L [64]. Furthermore the R3 component of U2; should be omitted. Because in SU(5) 
there exists no right-isospin. Also note that in the fundamental representation of SU (5) there is no way to define a 
traceless B — L generator whereas in SO(10) this is possible. It is remarkable to see how the global conservation 
of B — Lin SU(5) can be recovered when it is studied through the SO(10) representation. 














24 


4. THE GAUGE TERM: (45) 


In contrast to the electroweak theory, it is a rather sophisticated and an exhausting task to illustrate the content of 
the SO(10) gauge term. In this section, we make use of the definitions and conventions of the general scheme that 
we adapted in §3]in order to depict the gauge term by means of the following expansion 

















+iLw® van = tigv2 (G-Uet (Xa: Ux, the.) + V8 gas -Up_p+WiLs + Woe. 
V2 ° 4 ~ V2 
4 We 1 ! (4.1) 
+Wp Rt + vr + (Da, 7 Ag + Dar, si Ay + Dy, = Yo + Dy, 7 xy, + h.c.) 
= ep Ai Ai 
J2 | Aoi Age 


The expansion holds universally. However the entries A,;, Ai2, Agi and Ago being matrices each of size 16 x 16 
explicitly depend on the basis. In the next 3 sections, we investigate their explicit form by applying the previously 
introduced I bases in § 2.3|to the above expansion. 














4.1 Basis A 





In this basis, Ay2 and Az are occupied by zeros. The Aj; and Ag2 parts of the gauge term in eq. (4.1) are 
respectively given as below. The empty spots in these matrices also correspond to single zero entries and are left 
blank for a clear appearance. The resulting fermion assignment of the YW; and Wp determined by these set of 
generators are 


Up Up 
V V 
Ug Ug 
Ub Ub 
—y° —y° 
—ur —ur 
—Uy ~UG : 
—uy —ur 
VL= a , VR= ar ’ v=( 95) (4.2) 
e € 
dy dy 
dp dp 
e° e° 
d° d° 
dy dy 
d; * dy e 


and can be obtained through the electric-charge eigenvalue operator Q = (1/2) Ug_r + L3 + R3 whose com- 
ponents are given in eq. (3.3) and eq. (3.9). The spinors V;, and Wp couple to the below matrices Aj; and Az2 
respectively. This is indicated by the indices L and R which are attached to these matrices above. The total spinor 
W is given in the last term in the above expression. It should be noted that every single fermion in V;, is understood 
to be a left handed spinor and every single fermion in Wp is understood to be a right handed spinor. 
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-—Go 


A381 


-—G3 


—G6 
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The diagonal terms in the first block are explicitly 


2G, Xp. W8 











Ae ee V3 va 
yg WSK ern | We 
2 V2 
2G, Mpls. W2 
AP get a og 
i, 2 selma) Xeon | We 
V6 2/38 /B 
yg = V oxen We 
2 V2 
yee wer Mat. Wa 
VO: S238 a2 
se 2(Gr+Gs) Xe-r Wr 
V6 2/32 
Dey Keer We 
jee eee 


v6 V3 V2 


The diagonal terms in the last block are explicitly 


2G Xp_1. W3 











M7 = +S + +—# 
ORG OB? Af 
3X B_ we 
Nie < -Voxe-n , Wa 
2 2 aD 
2Gg  Xp_t W3 
Mig = +S + — 
ms V6 243 V2 
2 (G7 + Gs) XB_Ly Ww 
doo = —— + —# 
V6 2/3 «V2 
3X B_ we 
ro = + 8Xe-2 We 
2 WA 
Nop = 2Gt _ XBon _ Wi 
6 ONS VfB 


2G7 Xp_r W8 
































do = +2 + ee 
: v6 2/3 «V2 
ee _V38XB-1 " WwW? 
2Gs Xp-1 W? 
Gg = _—L 
: v6 2/3 «V2 
icon Gres) XBL 
v6 2/3 
XB 3 
Ng Mee We 
2 V2 
2G; Xen We 
Wee +—# 
V6 2/3 V2 
ae 4 2(G7 + Gs) pop 
; V6 2/3 
2Gs Xp__. W3 
Mig = ——= - pA ereene t 
v6 2/3 «V2 
2Ge tees. “Wwe 
dos = + + ijk 
a, V6 2/3 V2 
V3XB_L Ww} 
Ag = -——— + = 
2 v2 
BCe Neen. We 
dor = +2 + =i 
ah De PD 
Has dence (Gr+Gs) | Xp-1 
‘ V6 2/3 
3X B_ we 
doo = -VSXo-e , WE 
2 V2 
sag a 261 Xo, WE 
ce V6 V/3 ° 2 
ee g AGT aGs) _ ABest 
31 AG V3 
Gs Ken We 
A32 = ——>= + —S 








v6 23 V2 








Wie 
v2 


(4.3) 


(4.4) 


4.2 Basis B 


The matrices Ay1, Ay2, Ao: and Ago are given respectively as below. It is seen that the gauge term is spread over a 
32 x 32 matrix. The spinor that this gauge term acts on can be found through the eigenvalue operators in eq. (3.3) 
and eq. (3.9). We have 








Up Ur 0 
e° 0 e° 
; 0 dy 
Ug Ug 0 
dé 0 dé 
g g 
Ub Ub 0 
V V 0 
dy 0 d. 
Up 0 Up 
e° e° 0 
d; dy, 0 
Ug 0 Ug 
dy dy 0 
Ub 0 Ub 
Vy 0 Vy 
dé dé 0 
v= ed Urp= 0 VrR= d (4.5) 
—V* —yV° 0 
—U; —Up 0 
dg 0 dg 
—Us5 =, 0 
dp 0 dy 
e 0 € 
—u —us 0 
dr d,. 0 
—y° 0 —V° 
—Us 0 —U;, 
dg dg 0 
—Us 0 =U 
dp dp 0 
e€ € 0 
—ue 0 - UP le 


Herein the first one is the total spinor and is WV = WY; + Wp and the other chiral components are reduced through 
Tfive. We have 


UV, ==(14T five) U (4.6) 


NLR Mle 


We ==(1—Tyive) ¥ (4.7) 
The chiral components have the following feature that every single fermion subject to the Dirac equation in V7, is 
understood to be a left handed spinor and every single fermion in WV p is understood to be a right handed spinor, so 
that the index L and R perform a double duty both for the Dirac representation of a single fermion and the SO(10) 
representation of a chiral family spinor. 
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The diagonal entries are found as 
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(4.8) 
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4.3 Basis C 


For this basis, Aj2 and Ag; are blocks of zeros and the below matrices are respectively the Ay; and Ag parts of 


the gauge term in eq. 
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The empty spots again correspond to single zero entries and are left blank for a better appearance. The resulting 


fermion assignment of the spinor in basis C determined by the eigenvalue operators in eq. 
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and eq. 





3.9) turn 


out to be 


where W is the total spinor. 
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Vr= 
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left and right handed spinors respectively. The diagonal terms are explicitly 
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(4.10) 


It should be noted that the single fermion entries in Vz; and Wp are understood to be 


(4.11) 


(4.12) 


4.3.1 The Family Spinor: Decompositions of the 16 


From the Lie algebra of SO(10), we showed that SO(6) x SO(4) is a maximal subgroup of SO(10). This was 
stated in eq. (2.28). The isomorphism between SU (4) x SU (2), x SU(2)p and this maximal subgroup was shown 
in § 2.5] From these considerations, it is possible to construct the generators of SU(4) x SU(2), x SU(2)r. This 
helps us to elaborate the various decompositions of the fermion multiplet under SU(4) x SU(2), x SU(2)pR and 
under its subgroups. The size of the matrix representation of SU(4) x SU(2)z, x SU(2) p is 32 which is determined 
from the clifford algebra in eq. (2.11). Since the generators of SU (2), and SU (2) should mutually commute we 
divide the 32 x 32 matrix into two 16 x 16 blocks and place along the diagonal the respective group generators 
as shown in Table (4.1) where J are unit matrices of 4 x 4 size. Indeed the above matrices are astonishingly 
































I 000000 0 000 0 0 0 00 
0 -.00000 0 000 60 0 0 0 0 
0 000000 0 002 0 0 0 00 
fd |O. DOO. 0. 0 0 R,-1/9 9 0 -F0 0 00 
=~ 2/0 0 OD 0 00 @ |* ~* "2/0 0 0 0 F GB Bb O 
0 000000 0 coo 0 f =F oD 
0 0 0000T 0 Cee 2 fb @ OO 
0 0 0000 0 -I Cc oe of & OH 
0 -.00000 0 oo 2 O 0 @ 0-0 
I 000000 0 000 0 0 0 00 
0 000000 0 oOo 0 =F 0 &- 0-0 
ra-i/® 9 00000 0 eu2/0 02 0 2 0 00 
aS i Of EO OD O HH]? _ 0.00 0 0 =F oD 
0 000000 0 coo 0 J 0 OO 
0 0 0000 0 -I 000 0 0 0 00 
0 0 0000T 0 000 0 0 0 00 
0200000 0 0000000 0 
I000000 0 0000000 0 
0000000 0 00012000 0 
gcd | 0 DO: OD: 0 Ru-1/9 9 50000 0 
221-9 0 Oo 0 6.0 O° O).% a 2) Oo 0 0 0 0 F 6 0 
0000000 0 00001000 
0000000 T 0000000 0 
000000 T 0 0000000 0 


Tab. 4.1: Matrix representations of the SU(2)z and SU(2)r groups in SO(10) 


interesting while the size of the representation is equal to the number of states that one can build from a single 
fermion family. ie., fr + ff + fr+ fp produce 32 fields where f denotes fermions. The above representation 
dictates us to reserve the first 8 positions to f7, and the subsequent 8 positions for f. Similarly the third 8 positions 
and the last 8 positions should be reserved for fr + fy respectively. This is in perfect harmony with fact that the 
SU (4) representation in its fundamental form are in 4 x 4 size. So one can place the SU(4) representation along 
the diagonal respecting the above assignment. Since the J are unit matrices, all the SU(4) generators will also 
commute with the SU(2); x SU(2)r generators. 

The appropriate form of the SU(4) generators are given in Table (4.2) where the embedded U; generators are 
given in Table (3.2). These 32 x 32 matrices are normalized to T’r[(U;)”] = 4 like the isospin generators and satisfy 
the SU(4) Lie algebra in eq. (2.31) with the structure constants in Table (2.1). The fermion assignment that suits 
this reducibly constructed representation is summarized in Table (4.3). The left-right and up-down arrows, <, | 
which are placed adjacent to the gauge groups in Table (4.3) indicate how the gauge group acts on the multiplet. 
Indeed the orientation of the multiplet has no strict significance and follows from our lingual habits. As we usually 
reserve the word up and down for the eigenvalues of isospin, so the multiplet is oriented vertically with respect to 
SU(2)z,r. The SU(4) symmetry acts then horizontally. 

The indices r, g, b, 4 stand for color where the fourth color is denoted by 4. This assignment is both C' and P 
invariant. The conjugated fermions transform under 4 of SU(4). In Table (4.3) it is seen that we haven’t put a bar 
on 1 in the lower part of the table. Actually it is unnecessary, since 1 denotes a singlet. In an SU(n) representation , 
say n or n, which are for fermions and their conjugates respectively, the representation matrices of n are obtainable 
from those of n. —\* and ) are the representation matrices of n and n respectively. For SU (2) the 2 and the 2 are 
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indeed equivalent. Therefore one can write 2 instead of 2. The price we have to pay is to flip the fermions in the 
multiplet, because only the third component is different by an overall minus sign. To account for the usual spin-1/2 
coupling it is then good to put a minus sign in front of any of the two fermions in the doublet. This is illustrated in 
Table (4.4). We have consulted to this trick while we want to use only the 2 or the usual pauli matrices. 














U; O 0 0 0 0 0 0 


0 U; 0 0 0 0 0 0 


oo - 0 oo 0 of feeeegeee 

; 004 0 00 0 0 

lg sp ue oo [tfecoeseee 
0 60 0 0 U; 0 0 0 00000400 
oo oo owe oT esse aad 


Tab. 4.2: Matrix representation of the SU(4) group in SO(10) 





The same fermion assignment can be vertically written as in eq. (4.10). The assignment automatically produces 
& — L numbers and the correct electric charges. The decomposition with respect to the maximal subgroups should 
be considered in the first place [46]. For SU(4) x SU(2), x SU(2)r, we obtain 


1) + 
2) + 














16, = (4, 
4 


2. 
16p = (41, 


+ (41,2) 
en (4.13) 


The 16 will have a decomposition with respect to SU(3) x SU(2), x SU(2)r x U(1)B_1 as 


16, = (3,2, 1) 4473 oT (1,251) .29 ony 3,1,2)_1/3 + (1,1,2), 
l6r = (3, Nar + 1,1,2)_, + (3, A)_ij3 + 1,2,1), 


(4,1, 
(4,2, 


(4.14) 








—_~ 


Disregarding SU (2) p the above decomposition can be done under SU(3) x SU(2)r x U(1)r x U(1)B_1 where 
U(1)p stands for the diagonal generator of SU(2) r. For practical reasons it is not excluded. 


= + (3,1) a 


aed, ee (4.15) 


>) 


16, = (3,2)o,2) + (1, 2)oo, 1 + 3,1, 


am 
+3, 
i 
(2: 


irae 1 
1) Jo,-4) +, 2)o1 


2) 
+3) 


Consequently the SU(2) z doublets appear as 2 singlets. The U(1) and the U(1)p_,1 local gauge symmetries at 
this point can be swallowed by U(1)y where obviously the rank is lowered by one. So that the fermions can be 
cast into the standard model assignment. Under SU(3) x SU(2)z x U(1)y both 16 decompose as 


16, = (3,2)176 + (1,2) + (8, V)ayjg + (3, 1)_9/3 + (1, Da + (1 Do 
1 


1 
6p = (3,1)9/3+(3,1)_y/3+ (Do + (1, Ny +(8,2)_, jot 1,2)1 0 (4.16) 


where the + values are indicated explicitly as subscripts. The 16, fermions are then decomposed into the following 
multiplets 


d; e~ C c c 
(#) (2), (hk OMe (, O: (4a) 
The minus signs are remnant from Table (4.4). The 16 fermions are decomposed as 
_ dé et 
(ide, (a Ce (te (3), Ce) (4.18) 
a R e R 


It is seen that 16; is the CP transform of 16. In general the SO(10) gauge interactions are both C and P 
invariant. Finally, if the electroweak symmetry breaks spontaneously down to SU(3)¢ x U(1)g by means of a 
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Tab. 4.3: Transformation of fermions under SU(4)c x SU(2)z x SU(2)R 











Higgs doublet, as done in the electroweak theory, the fermion doublets in eq. (4.17) will transform as singlets under 
the relic symmetry. These singlets are to us interesting because the 16 can also be utilized as a Higgs representation. 
Assigning a Higgs field to the 16 is formally similar to what one does in the electroweak theory by assigning a 
Higgs field to the 2, but this is mainly considered in §|10} Under the SU(3)c¢ x U(1)g symmetry the electrically 
neutral singlets of the 16; and 16p are respectively 


( —Vve ir ae Ie (4.19) 








and 
(Pg 6s (4.20) 


4.3.2. Charge Conjugation and Parity Transformation in SO(10) 


The charge conjugation operator is denoted with C’. We are looking for a suitable 32 x 32 dimensional matrix 
representation that fulfils the conditions : 
c1u,c=-u? 
CtL;,C=-if (4.21) 
C'R,C =-—R? 














The operation C can be easily guessed if we consider the U; generators of SU (4) in eq. (4.2) with i = (1,..., 15). 
Then under charge conjugation the 4’s along the diagonal in eq. (4.2) should be transformed into into the 4’s and 
vice versa. So that the conjugate representation is obtained. The explicit form of C’ depends on the representation. 
Let us consider the I basis in §|2.3.3)and construct a product of the complex valued ones, so that we obtain 

















C =iT,TslsTsli0 (4.22) 
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Tab. 4.4: The signs are flipped to get rid of the 2. 


The explicit form of this particular charge conjugation matrix C is found as 


0 0 0 -I 
0 A 0 0. O 

={ 1 ae A GF or 0 es) 
-I 00 0 


Here the /’s are 4 x 4 unit matrices. Note that A operates similar to 02 which is used in case of 2 component Weyl 
spinors. But here we have a 16 component Wey] spinor. For both of the other basis given in § /2.3.1]and § |2.3.2|the 
charge conjugation matrix reads C = i 021416 Uslio. Furthermore The Parity operator is denoted with P. We 
are looking for a suitable 32 x 32 dimensional matrix representation of P that fulfils the conditions : 


























P1L;P=R; 
PR P=L; (4.24) 
P'U,;P =U; 


where 7 = (1, 2,3). Here P exchanges the left and right handed states. In other words, we look for a transfor- 
mation that exchanges the generators of SU(2)z, with those of SU(2)r and vice versa. The operation P can be 
guessed from the generators of the SU (2), and SU(2) r groups given in eq. (4.1). Again the explicit form of P is 
representation dependent. If we consider the I’ basis in §/2.3.3)then a suitable choice is found as 


























: 0 Lf 
under the combined C’P transformation, we have 


(CP)"' U; (CP) =-U?z 


(CP)"' L; (CP) =—-R?, (4.26) 


(CP)"' R; (CP) =-LT, 


The P operator flips the chiral parts of the total spinor. We have 














SS Ue yf Ce 
pu=wp=P( gr )=( Mf ) (4.27) 
As aresult the P transformed spinor W p correctly transforms under the P transformed representation in eq. (4.24). 
Similarly we have 
_ = Ur \_ AVR 
ow=to=c( ot )=( ARR (4.28) 











so that Wc transforms correctly under the C’ transformed representation in eq. (4.21). Under the combined CP 
transformation, we have 
ae) 


—-AWVpR 





CPY=Vop=( (4.29) 


37 


Finally Ucp correctly transforms under the CP transformed representation in eq. 








4.26). 








Note that the CP 


transform of any fermion state in 16; (or 16,) is again in 16; (or 16), whereas the C or P transform of a 
fermion in 16,7 (or 16) is in 16 (or 16,). The SO(10) interactions are C'P and separately C' and P invariant. 


38 


5. NEW INTERACTIONS IN SO(10) 


5.1 The (2,2,6) Fields 


The complete spectrum of gauge bosons residing in the SO(10) gauge group and their various properties have 
been elaborated in the previous parts. In this section, we will identify and sort out all the interactions within 
the SO(10) theory. Since gauge interactions are meditated by gauge bosons, it is necessary to know the various 
vertices between fermions and gauge bosons. But once the symmetries are spontaneously broken, the gauge fields 
and thereby the currents undergo certain mixing. These physical currents will be studied later in §[{13]and also in 
§ [15.3] Here we study the currents prior to any SSB. We start our analysis by investigating the currents that couple 
to the (2, 2,6) fields. The relevant interaction Lagrangian reads 











Li536) = +ig V2 b> Ju abW" ad = oe S- Wr davrWar" Ur 
(226) v2 (226) 


' , 5.1 
=+igv2 (JA. abt JA As IY YH IY v4 hc.) 61) 
= +igV2U Ly, (A*-Da+A™"-Dar+Y"*+ Dy +Y"- Dy +h.) Vz 
Since the (2,2,6) gauge fields lie in the coset, the above summation should be done over a,b = (1,...,10). 











This can be verified from the gauge fields presented in eq. (3.15). But in the above summation we select only the 
(2, 2,6) fields. From our previous expressions in eqs. (3.6) and (3.7), it becomes convenient to define the physical 
currents appearing in the second line in the above summation as 




















Jae = (Jy —iTgag) /V2 J¥ = (Iesie — iJIesig) /V2 


5.2 
J4e = (Inz3 — Inyo) /V2 J¥a = (Se41s — iIe+a1) /V2 — 





where k = (1,2,3). Here the currents J4¢,J4e,J¥« and J¥« are color triplets with respect to SU(3) with 
a = r,g,b. Looking at the W,, compositions of the (2, 2,6) gauge fields in eq. (3.15), we can find out the Jay 
basis satisfying the above summation. We have 


























Ji = (Jas + Jos) /V2 Jis_ = (Jos + Joi) /W2 

Jo = (J7 + Jaz) /V2 Jia = (J39 + Jaro) /V2 

Js = (J71 + Jg2) /V2 Jis = (Joi + Jio2) /V2 

Js = (Js9 + Joi) /V2 Jie = (J75 + Ise) /V2 

Js = (Jo3 + Jaro) /V2 Jiz = (J37 + Jes) /V2 

Je = (Sig + Sioz) /V2 Jig = (Jn + Jog) /V2 (5.3) 

Jr = (Jv6 + Jas) /V2 Jig = (Joe + Jios) /vV2 

Js = (drat Jes) /V2 Joo = (Jos + Jz10) /V2 

Jo = (Jor +Jei)/v2 Jn = (Jog + Jior) /V2 

Jio = (Jeo + Jios) /V2 Joo = (Jv6 + Jss) /V2 

Jur = (Jag + Jai0) /V2 Jog = (S74 + Jaz) /V2 

Ji2 = (Joo + Jior) /V2 Jon = (Jo7 + Jig) /V2 

The third line in £1556) above produces the desired currents 
A 1 7 C 7 C =o “oc 

J, ri A (+d, LY pd, 1 — ab LYpdg L+YLYpurL — U Eye) 
1 z _ _ 7 

ie - V2 (—d, LYndy 1 + do Lay 1 + UOLYp Ugh — Ugh YuVL) (5.4) 
1 _ 2 _ _ 

Nhe = 7 (+d, LY pds 1 — dg LYud 1 + YL yp UEL — UoL YUL) 


Ju” = a (Mtg neds + Go oes p+ Yn den — Urn yer) 
Al _ - : _ 

Io = (+r 1 Yds 1 — Ub Dae 1 + YEW Agt — Ugh Yer) (5.5) 
Al : Z = _ 

In? = (—t, LYpdg p+ tg LW 1 + YL dot — UbL YneL) 


(—d, LY pup tt dy LYuUg Lv COL YpUrL = drt) 





de = (—d, Eye, 5 + dg LYUe p +E Yuen — €or YL) 
Y! _ _ 2 _ 
Ju” = a (Aig 2G 1, — the DUG 1 — Er Den + Cn ude L) 
Y! _ _ = _ 
Jy? (-w, Lp p + tb pV p — Ag LYweL + CLI pndg L) (5.7) 





1 
v2 
1 
v2 
1 
v2 
1 
v2 
Jat = S (+4r LIU 1 — Uo LYWUy 1 + CL Yntgh — gh YL) (5.6) 

1 
v2 

1 
V2 

1 
V2 
V2 


73 (+@r YUE 1 — By LYWUE 1 — A Ler + Ludo 1) 


All the above currents couple through the strength g. The four components in each current are shown as vertices in 
Fig. (5.1) where €q,3, = —€a,7,3 = 1 and the indices (a, 3, y) denote the colors (r, g, b) respectively. The same 
vertices are also shown in Fig. (5.2) where both quarks flow into the vertices or an antiquark and an antilepton flows 
into the vertex. These vertices can mediate various nucleon decays where the underlying mechanism is ’quark + 
quark — antiquark + antilepton”. This results in nucleon — meson + antilepton type processes which conserve 
(B — L) at the vertex. The (B — L) conserving processes that belong to these mechanism are given in Fig. (5.3). 
The conserved charges at the vertices in these diagrams follow from Table (3.1). Adding an appropriate third quark 
(fermion) line to each of the diagrams in Fig. (5.3) generates a nucleon decay process. Some examples are given in 
Fig. (5.4) where for each of the gauge bosons in the (2, 2,6) multiplet, one proton and one neutron decay process 
is generated. Note that at the vertices in Fig. (5.1) the Baryon number and the Lepton numbers are separately 
violated. Indeed the (2, 2,6) gauge fields carry the combination B — L a way which is conserved [65] [66]. 













































































5.2 The (1,1, 15) Fields 


The (1, 1,15) gauge fields reside in the SU(4) part of the SO(10) group. We select out these fields and work out 
the currents coupling them. The interaction Lagrangian reads 


int .@g = 
L115) = +ig V2 S- Jab Was = S- Vr Vp UarWav UL 
(1,1,15) (1,1,15) 





‘oe 
= +igv2 ena ee ee a ae 5 aay Fe cl (5.8) 


= 3 
= +i gV2 Uy, {6-0 + (Xa - Ux, + h.c.) + es . vo} Ur 





Note that in the above expression we do not differentiate among the separate couplings and use a common g. The 
proper treatment of the couplings is postponed to § [5.5] The summation is done over a,b = (1,...,6). These 
indices can be be read off from the eqs. (3.13) and (3.14) where the gluon fields G, the Xq fields and the Xp_z 
field are expressed in terms of the W,, basis. For the physical currents in the second line in eq. (5.8) we introduce 
the following definitions 























i = jx! = (Jo —iTio)/V2 
JX = ir = (Fito) (V2 (5.9) 
df ad" =(fise—thallv2 
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up Uy dé e° 
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Fig. 5.1: Aa , Al , Yo and YJ gauge bosons coupling to fermions. 


Here J* " and JX are charged raised and lowered currents respectively for a = (r,g,b) and form color triplets 
with respect to SU(3). J; for i = (9,..., 14) in terms of the basis Jay reads 
Jn = (Jog + Jra)/V2 Sa = (J51 + Jo2)/V2 
Pro = (Ji + Jaa)/V2 ag = (Jas + Jo3)/V2 (5.10) 
Sua = (Jos + IJo1)/V2 Sia = (Js + Joa) /V2 








Single interaction terms in LY’ can be explicitly found in that we act Vy, given in eq. (4.10) on the corresponding 


gauge term matrix of basis C. This yields 











cet +i — {-XE (doa rypee + Ua LIVE) + XK (darywer + Gat Int) + h.c.} 


V2 


In these expressions we have e.g. d = d'° and similarly d¢ = (d°)'y° by definition where 7p belongs to the dirac 
representation. The X,, X» and X, bosons couple to the following currents respectively 


1 i ~¥ = — 
Shan = 7) (—d¢, Ley, — Ur LIV + CL Yudrt + PL YpUrL) 
1 i ek a = 
i, = i (—d% bypet — Ub LYE + er Yndor + Pryor) (5.11) 
hia ey a LYp€Y, — Ug LYE + ELYydgt + DL Yptgs) 
In 7B g LVper g LYpYL uag Ug 


All the above currents couple through the strength g. The single components in the above currents are shown in 
Fig. (5.5). The Xq bosons are often called lepto-quarks because they mediate the transition of a quark into a lepton. 
At the vertex of these transitions B — L is conserved. The general form of these vertices is lepton + anti-quark — 
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Fig. 5.2: Aa , A , Yo and YZ gauge bosons where lower fermions are lefthanded and upper are righthanded or 
vice versa 











X. From the vertices in Fig. (5.5), it is seen that the X, bosons can not mediate nucleon decays alone. We know 
that A, has the same electric charge as Xq. Consequently through mixing the A, and Xq fields one can generate 
nucleon decay processes. But these will be of B — L violating character, because A, and Xq, have different B— L 
numbers. Such processes are shown in Fig. (5.6) where the last diagram indicates a B — L violating proton decay 
through p — 7+ + v. The first two diagrams are neutron decays given through n > 7+ +e andn — 7° + vy 
respectively [67][68]. We proceed with the current coupling to the singlet field in the coset of (1, 1,15) which is 
the neutral X p_ field. In conformity with our previous conventions the physical current will be defined as 


ee =Ji5= (Jai + J43 — Jes) /(2V6) (5.12) 


If we act Wy, given in eq. (4.10/) on the gauge term matrix of basis C, then the current coupling to X g_ 7, can be 
found. We have 















































i 
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= 1/3 1 
i v= Ee: Slot Yytal — Pot + =da Lda L— EL Yper 
a8 3 (5.13) 


1_ = = _ 
> gab Yt a VLE, = se Lda ir €or peL ) 


This current couples through the strength g. The remaining physical currents that we will elaborate couple to the 
fields in the (1, 1, 8) part of the (1, 1, 15) multiplet which are the gluon fields. The physical currents Jg in eq. (5.8 





























can conveniently be expressed through 7; fori = (1,...,8) as 
Gyr = (Gor)! = (Was + Woes + i Wo3 + ¢ Wae)/2 Jpg = (ra)! = = (Ji — ie) /V2 
Gi, = (Gor)! = (Ws2 + Wer + i Wor +i Wis)/2 Jp = (Jeo)! = (Ta — iF) /V2 
Gog = (Gog)! = (Wa3 + War + i Wai + i Waz)/2 Jgs = (Sg)! = (Ie — iSr)/V2 (5.14) 
Grr—bp = (Grr—to)! = (War + Wag + 2 Wos)/V6 Jne_a3 = (Jpp_az)t = (7aV3 + Je) /2 
Goq—to = (Goq_a0)! = (War — 2 Wag — Wos)/V6 Jog—05 = (Jgg_va)' = (-Sav3 + Je)/2 


A2 


Uy ec Uy ec dy ve dy yo 
up de dg Ua us de dg Ua 
Uy d, Uy de dy us dy us, 
ug e€ dg V ug e€ dg V 
ug Uy dg Uy UB d, dg dy 
da e° Ua ec da ve Ua ve 
ug us de Us UB dy, d B dy, 
e dc Vy de e uc V uc 


a 


a 


a 


Fig. 5.3: Processes that give rise to nucleon decay through Aa , AX , Yo and Y;, gauge bosons. 


In order to reflect the color nature of the gluon fields, we have relabelled the physical fields G and the physical 



































currents Jq with the color states of the octet in Fig. (3.1) [69]. 7; fori = (1,...,8) in terms of the basis J,» reads 
= (Jas + Js6)/V2 = (Jsi + Je2)/V2 
= (Js3 + Jae)/V2 Ig = (Jog + Jar)/V2 (5.15) 
= (Jes + Ja3)/V2 = (J31 + Joa)/V2 
Ia = (Ja + Jo1)/V2 Ig = (2 Jar + Jaa + Jos) /V6 
Note that the dot product in Jg - G sums over the internal octet space. The real fields V; used in eq. (3.1) for say, 
i = Landi = 2 are then equal to (Gg, + Gr) /V2 = Gor+gr and —i(Ggr — Gar)/V2 = —iG5r-—gr respectively. 
These are the elements of the 3&3 = 8@ 1 decomposition where 3 is the color triplet (7, g, b). Other color states of 


the octet can be found from above. However the color singlet 1 must be separately given as (Gr, + Ggg +Gy5) / V3 
= Gi,499+b5 Which is not part of the SU(3) interactions. This ninth element might be taken as the singlet Abelian 
part in U(3) = SU(3) ® U(1) which promotes the color singlet to a massless boson mediating long ranged 
interactions. Such a singlet gluon is not very consistent with the current status of physics, and may not exist at all. 
This problem is not special to the SO(10) theory as known. If we act UV; given in eq. (4.10) on the gauge term 
matrix of basis C, then the currents coupling to G, which are very well known from QCD, are recovered. We have 
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se ae LYutig t+ dr ody L— Ug LYptly 1 + dg rudy 1) 





2 
1 = rs = Cc I C 

Jrp =A LY po t+ dr bYpdb Lb — Ub LYpUr 1 + ao LYndy p) (5.16) 
i} = _ = 

Jp = ql Lt L + dg LY do L— UL YpUg 1 + 4% L4G 1) 
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Fig. 5.4: Possible proton and neutron decay channels. 


The color neutral currents take the form 


Trr—bb =e LY tr t+ dp Yd L — Ub LY pte Lb — db LYdd L 


— Uy LYpUy Ltd, LY ud; La US LYpUs pa ad LYpds ie) 


(5.17) 
J5q—bb =7q Us LY Ug + dg LYpdg L — Ud LY tL — dh LYndb 1b) 
Mp Yate ¢ Tog Rat Ee Ets gp Sap ede G) 

All of the currents above couple through the strength g. 

e° ve de Ua 

dé, us € y. 

Fig. 5.5: X bosons 
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Fig. 5.6: B —L violating processes 
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5.3 The (1,3,1) and (3,1,1) Fields 


In the following we investigate the currents coupling to the gauge fields of the SU(2); and SU(2)r gauge sym- 
metries. The relevant interaction Lagrangian reads 
10 . 10 
Li31) + Lei) =+igv2 S> JarnWay = ae S- Wr yp UapWay Vr 

(a,b=7) (a,b=7) 

Wr Wr 5.18) 
SHVviglidew. 44 ae + ue) (5. 
g ( R'VYR RV Boek LA 


Sie Wr Wwe 

=+i1V2qgWV W, Re + Ro +Ww, li + elo) 

Vin (Wire + Ere ft. + hte) v 

where we do not differentiate among the couplings of separate interactions and use a common g again. The 
coupling strengths gz, and gp will be introduced later in § 5.5] The summation is done over the indices that belong 
to the SO(4) multiplet. These indices can also be read off from the gauge fields presented in eq. (3.14). From the 
second line above it becomes convenient to define the physical currents as 


Jz =r FisR)/V2, Jf =(Ltidz)/V2, JIR=JSR, JZ= Ft (5.19) 


Here the (Jp, JR, Jp) and the (Jz, J?, J?) currents form SU (2) and SU(2), triplets respectively. Using our 
former expressions for the gauge fields in terms of W,,, we can find the components of the physical currents in 
terms of the Jy. We have 







































































Jr = (Jr9 + Jaio)/V2, Jt = (J79 + Jtos)/V2 
J? = (Jos + Jrio0)/V2, J? = (Jog + Jior)/v2 (5.20) 
JR = (Jar + Joro)/V2, Jf = (Jar + Siog)/V2 


The neutral and charged currents Ine and Prag respectively coupling to the Wz °° and We gauge fields given 
in eq. (5.18) are explicitly found as 
































i = Syl LYpta L + nut) 

J, = Syl Luda L + ULYper) 

Ja ale Lea L— CLL) (5.21) 
jf Falta wud, 1 — FL we) 

Ih = A (ia stl — Paarl + Bo cry + Errye4) 

j= 5( Ya LYpta L + Pn Ywve — do tude L — Er Yyer) 


All the above currents couple with the strength g. The vertices described by the above currents are shown in 
Fig. (5.7). It is seen from the expressions of these isospin currents that the fermions f coupling to Wz are purely 
left-handed, and the fermions coupling to Wp are purely right-handed, where it is appropriate to replace (f°), 

















with (f)° in the currents for ie As it will become clear later, certain Higgs scalars presented in §|6.2|and § 7.2 


can spontaneously give not only masses to the W; and Wj; bosons, but can also lead them to mix. The resulting 
W, — WR mixing is indeed a mass eigenstate. The details about the mixing depend on our specific choice of the 
Higgs sector which is presented in §{11.1]. The resulting mixing will be presented later in § [11.3.2] 



























































5.4 The Electromagnetic Current 


Let us consider the 3 neutral currents J?, J}, and Jg—, which couple to the neutral gauge fields WP, Wp, and 
Xp_z respectively. These currents were given in eqs. (5.21) and (5.13). They add up to the electromagnetic 
current Jag. We have 


























2 2 = c 1s iC x c 
Jg=Ji+Jpt ‘ies - (—3u°a LYUe E+ goo LYpda p+ C°L WEL (5.22) 
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Ua, VY da, € Ua, VY dq, € 


+ - 0 0 
Ww; WwW, Wr, Wr, 
da, € Ua, VY Ua, VY da, € 
Ua, da,€ Ua,V da, € 
+ - 0 0 
WwW Wr WR WR 
da,€ Ua,V Ua, V da, € 








Fig. 5.7: Wwe and WR °° ‘bosons coupling to fermions. In the upper half all fermions are left handed and in the 
lower half all fermions are right handed. 


We know that the electromagnetic current Jg couples to the photon. The physical photon however can only be a 
product of a spontaneous symmetry breakdown which correctly mixes the W?, We and Xp_7, gauge fields into 
a massless eigenstate. Something similar happens in the electroweak theory. Let us write for the moment the 
following Lagrangian of electromagnetic interactions: 


. : 8 A 
Litt — +i Ve ye te U 5.23 
Q +iV2e in ( 32 2) L ( ) 


where Ag is the electromagnetic gauge field and Ug is the normalized electric charge generator stated as 


Ug= fetes + R3 + x 20:s) = [20 (5.24) 


Here Q is the eigenvalue operator for the electric charge. For any of the representations of © given in § /2|together 
with the corresponding VW, the above interaction Lagrangian Lo" delivers exactly the same electromagnetic cur- 
rent given in eq. (5.22) which was straightforwardly found through adding up the neutral currents. This is no 
surprise, because the Ug generator defines an Abelian subgroup U(1)g, that can be embedded into the SO(10) 
gauge group. In any spontaneous symmetry breakdown that preserves the U(1)g symmetry, the Ag field will 
appear as a massless mixing of the W?, W?, and Xg_,, fields, which should be identified with the photon of the 
electroweak theory. This will be elaborated in great deal after we implement the spontaneous symmetry breakdown 
in the SO(10) theory. The same also applies to the hypercharge gauge field and the hypercharge current. 

















5.5 Defining Separate Couplings Strengths in SO(10) 











In this part we will restate the gauge term in eq. (4.1) in such away that it expresses all of the separate coupling 
strengths of interactions in the SO(10) theory. This is important, because the mixing of separate gauge fields are 
given through expression that depend on the separate coupling strengths as well as the vacuum expectation values. 
In this respect, we move the single coupling strength g of S'O(10) into the gauge term. We have 








XB_L i Ww? 
-Uj;5t+gW,Le-+g=L 
V2 irgWw,ltrg V2 0 


+ Wwe 
+gWr Ri tg Ja Fo + 9(Da, + Aa + Dar, - Ay, + Dy, Ya + Dy: + Yy+ ne) 


The diagonal generators Ro , Lo and U;5 and all other generators of SO(10) were normalized to Tr[(...)?] = 4. 
In the above expression, we have to replace U;5 with the corresponding eigenvalue operator Bot Because the 
latter one is physical. From the other side the gauge term should remain unaffected by this replacement. Therefor a 
constant should be introduced to compensate the mismatch. The product of this constant with the coupling strength 
g will be defined as the respective coupling strength of the U(1)s_, interaction. Basically this procedure will be 








+i we ps ee {96 Vet git Ue, Rete 
(5.25) 
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applied to all the other Abelian parts as well. Note that Lo, Ro are already equal to their eigenvalue operators and 
are simultaneously normalized to 4. We introduce some coefficients and the new coupling strengths as follows 








Tr [(RoCr)’] =4 — Cr=1, 9n=9 CR 
Tr [(LoCx)’| =4 = Cpls gp =9 CL 
ae (Co-1 Het) ] sgt =k Ue 5 , gB—-L = 9 CB-L (5.26) 
Tr [(vcy)?] =4 = or= 2, ov = @ Oy 
Tr [(QC9)"|=4 = cone. e=9Cg 


Now we must replace the diagonal generators Ro , Lo and Uj; with the equivalent expressions of Cr Ro, Cy Lo 
and Cp_r Cpa respectively. Each time we absorb the coefficients C',, Cr, C'p_1 into the coupling strength g of 
SO(10) and define the corresponding new coupling strength, so that gr is the coupling strength for the SU(2)p 
interaction and gy, is the coupling strength of the SU(2); weak isospin interaction. Also the gp_r coupling is for 


the U(1)s~_1 interaction. Through these definitions the above gauge term can be restated as 





Xp-p Up_p Ww? 


+ g W 7; Lt + g —L 
J2 2 m 7 - J2 
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he Ww 
tgrWr Rt + oR Ja Re +9(Dag* A+ Dae > A, + Dyy+ Va P Dy Y, + he) 
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(5.27) 


This is the gauge term that we will use as we implement the spontaneous symmetry breakdown in the SO(10) 
theory. For further use, it is also necessary to know the Cy and the Cg coefficient related with the hyper charge 
and the electric charge respectively. These are given in eq. (5.26) where e is the coupling strength of the U(1)g 
interaction and gy is the coupling strength of the U(1)y interaction. The eigenvalue operator for hypercharge is 
defined as Y = R3 + UBab . Some useful relations among the coupling strengths can be immediately derived. We 
have 

















1 2.4 1 41 1 it @& 20 1 
Sag a a ge ee a ae (5.28) 
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These relations are valid independently of how the generators in S'O(10) are normalized. 
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6. THE HIGGS MULTIPLETS: THE (10)-REPRESENTATION 


6.1 The Structure 


The 10 is the collection of the T; basis with i = (1,..., 10) which also generates the SO(10) generators ©. The 
I’; basis satisfies the anti-commutation relation in eq.(2.11). These are 32 x 32 hermitian matrices normalized to 
Tr(I'?) = 32. Let us define 10 real scalar fields @; and construct a linear sum over the I’; basis. We have 





ris. 2 1 9 iss 
wt r.o Ti. ot 11 12 _ id; 6.1 
V32 4 ( = J i( Qa Qe J’ 30) Pig)” =a ey) 





where ( )? = ( )()'. The ’s are again 16 x 16 blocks. The explicit content of these blocks depend on the explicit 
matrix representation of the I’;’s. The charge raised fields as well as the I basis is defined in advance as 


®; = (doj-1 tido;)/V2, Ty = (23-1 — iT 25)/2 € (2,2,1), 7 =4,5 
®; = (G25 + 4 $23-1)/V2, Tr; —= (T2; — iD ;-1)/2 = (1, 1,6) ’ J — 1,2,3 


The fields defined in the upper line i.e., for 7 = (4,5) above fall into the (2,2,1) multiplet and the fields in 
the lower line ie., for 7 = (1,2,3) fall into the (1,1,6) multiplet of the 10, if decomposed with respect to 
SU(2)r x SU(R) x SU(A4), [53]. This splitting of the indices into 7 = (4,5) and j = (1,2,3) is a direct 
consequence of the choice that we had previously adapted in eq. (2.28). By using our former definitions of the 
generators D3 and R3 which are indeed expressions of }’s and thereby also expressible through the I’’s, one can 
arrive at the following commutation relations. 


(6.2) 





























1 1 
[T'5, Ls] =+5Ts T's, Rs] = Tels 
1 1 
[T'4,L3] = +504 [T4, Rs] = +504 
i Int [pi 1 ot 68) 
ot] =—$rt [rm] edt 
1 1 
ri,ts]=-sr} [ri.rs|=-51ri 
2 2 
We can directly also use the explicit basis C for ; where (¢ = 1,..., 10). Beneath the above bi-doublet structure, 


T4 and 5 commute with all the generators U; of SU(4) which is actually assured by the splitting of the indices. 
Therefore these 4 scalar fields above decompose as a bi-doublet and four-color singlet. i.e., (2,2, 1) under the 
SU (2), x SU(2)r x SU(4)- group and are explicitly 


(0 + éd10)/V3= ®5(+5,-5,0,0,0) (dy ~ i bx0)/V2 = Os(-5, +5, 0,0,0) es 
(br +i gs)/VE = 84(+5,45.0,0,0) (br —i¢s)/V2 = ba(-5,-5,0,0,0) | 





The values in parenthesis indicate always weights of SU (2), x SU(2)r x SU(4)-. These weights are given in the 
order of L3, R3, U3 , Ug, U15 respectively. I; for 7 = (1, 2,3) commute with L3 and R3, which is again assured 
by the splitting of the indices. Consequently the Higgs fields generated with 7 = (1, 2,3) above are left and right 
isospin singlets but they form in the U3 — Ug — U5 space a (1, 1,6) sextet. We have 


[rj us| = 0 Ti, [rh Us] = 4; YT, rs, Us] = +4 
ri, Us| = + ri, [rh Us| = --> ri, [rs Us| = +3 Th (5) 
L P, Us| = +5 ri. L ee Us| = te P. L i, Uis| = i ri 














[T1,Us]) = 0 Ty, [Fo,Us]) = -$ To, [T3,Us] = -3 Ts 
[T1,Us] = =o Ti, [V2,Us] = +35 T2, [VP3,Us] = a Ts (6.6) 
[T1,Uis] = -Jge Ti, [Pai] = -Yg Ta, [Ps,U] = ++ TS 


The Higgs fields of the sextet carry either 1/3 or —1/3 of (fractional) electric charge. They carry neither left nor 
right isospin and are explicitly defined as 





(¢2 + igs)/V2 = ©; (0,0, 0, a a): ($2 — id1)/V2 = ©, (0,0, 045. +5) 

; 1 1 1 : = 1 1 1 
(ba + is)/V2 = B2(0,0,—5, +575, -Te), (4 — ibs)/V2 = 2(0,0,+5,— 55, +76) (6.7) 
(bo + ids)/V2 = 3(0,0,-5.— sa. +—Te), (Os — ids)/VB = 85(0, 0,45, +575.) 


ps +— ZX, ee 
2’ 2/3’ V6 


where the numbers in the parenthesis are weights as before. The electric charge of the Higgs fields can be obtained 


from Q = L3 + R3 + 4(B — L) where the B — L number equals to 2,/2/3 times the U;5 weight.ie., the last 
entry in the parenthesis. Various charges of the Higgs fields residing in the 10 are summarized in Table (6.1) and 
the sextet is illustrated in Fig. (6.2). We highlight the content of 912 by using the basis C. We obtain 























cra att —o, -o2 $3 
a5! ay! 21 3 —&2 
coral att bo —83 By 
ait atl &3 bo 5, 
elt oll —o) —&2 —%3 
ai! -2}? 21 $3 —&2 
alt sett bo —$3 : by, 
oj! =85" 3 $2 —%) 
2) $2 $3 -ef aay 
-8 -63; —elt ell 
-$2 $3 #1 -ef! —a}! 
-83; -8 8 _el! _gll 
ca by bs —elT cal 
$1 #3 2 -e}T all 
-&2 3 -O) _elt att 
-$3; by -el! att 


where the dots simply denote zeros. 41, = Q22 and are null blocks. But 22; is the Hermitian conjugate of Q42. In 
the above Higgs matrix the superscripts Tt, T|, |? and || are also highlighted and denote the left and right isospin 
states respectively. 

Ina spontaneous symmetry breaking which breaks SU(2)7 x SU(2)r x SU(4) down to SU(2)r; x SU(2)r x 
SU(3)- x U(1)p_z, the sextet of the 10 would decompose into a 3 + 3. ie., a (1,1,3) anda (1, 1,3) multiplet. 
These triplets are differentiated by their U1; weights, namely through the +1/ V6 value. They carry not only 
electric charge but also color. The gluons of the SU(3) color group should remain massless and in addition the 
electric charge conservation should not be violated. Therefore none of the ® fields in the (1, 1, 6) sextet should ever 
be allowed to receive any vacuum expectation value (vev) in our calculations. As a result the sextet is physically 
uninteresting. 

The physically interesting and useful part of the 10 is however the (2, 2,1) multiplet. Despite of the fact that 
the ©, field and its conjugate are SU(4) and thereby also SU(3) singlets, they carry non-zero electric charge 
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as was shown in Table 6.1] Therefore ®4 and its conjugate are no suitable Higgs fields because they break the 
U(1)g symmetry. From their charges, it is seen that only ®; and its conjugate may be allowed to receive some 
vev, because they do not violate the conservation of electric charge and SU(3) color, or even the SU(4) color 
symmetry. The gauge fields lying in the coset of SU(4)/SU(3) will receive from the vev of ®5 no mass. Certain 
features of this vev are summarized in §|6.2! By using the Higgs fields of the 10 which were constructed from the 
product ®;T;, we choose in the light of our analysis a suitable Higgs term to be employed in the Higgs mechanism. 
We have 





1 
D901 = 32 (o:0's + olrs') 3 Tr [(®221)7] = 6,6! (6.8) 
here both Higgs fields belong to the (2,2, 1). From now on, we will always refer to the above two Higgs fields 
with the (2, 2,1) or equivalently with ®j21. This term does break the following initial symmetries to the stated 
final symmetries 


(i) SU(4) x SU(2), x SU(2)p down to SU(4) x U(1)r4R. To be explicit, the U(1)r4, is an Abelian group 
whose single generator is the L3 + R3. The U(1)r4r symmetry, operating on the 16; (or 16) spinor of 
fermions is understood to yield the sum of the left and right isospin numbers of the corresponding fermions. 


(it) SU(3)x SU(2), x SU(2)rxU(1)B_1 symmetry down to SU(3) x U(1)r4rx U(1)B_1 where U(1)B_1 
is the gauge group for B — L interactions with generator proportional to U;5. Exactly speaking the Ug__,/2. 


Ww 


(itt) SU(3) x SU(2), x U(1)y down to SU(3) x U(1)g where U(1)q is the electromagnetic gauge group with 
the generator Q = L3 + R3 + (B — L)/2 and U(1)y is the hypercharge gauge group with the eigenvalue 


operator Y = R3 + (B— L)/2. 


we 


(iv) SU(3)x SU(2)rxU(1)y down to SU(3) x U(1)g where the U(1)y~ is an Abelian group whose eigenvalue 
operator is L3 + (B — L)/2. The U(1)y: symmetry operating on the 16; (or 16) spinor of fermions is 


understood to yield the sum of the L3 and (B — L)/2 eigenvalues. 


In all the above symmetry breaking, electric charge conservation is respected. We have 





1 1 
Ts (+5) —570,0,0) > Ar+Ar=0=AQq, As-r=0 —Ay=ArR 
(6.9) 
1 1 
rt (—5)+5,0,0,0) > Ar +Ar=0= Ag, Ap-1=0 — Ay =Ar 


where in each line the A’s indicate the amount of non-commutation of I's (or its conjugate) with the diagonal 
generator of the respective symmetry. i.e., D3, R3, Y or (B — L). In terms of the I’; matrices of basis C, the r 
and rr assume the form 


+ | 0 B _| 0 A _ 
rh=| 4 | rs=| 5 g oe 


here Il is a4 x 4 unit matrix. 


(6.10) 
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6.2 Features of the ®921 











Two other features that are worth discussing is how the ®22; Higgs fields given in eq. (6.8) behave in the Yukawa 
sector and how they behave in the Higgs mechanism. 





(i) Let us for brevity consider the most general case in which we break the SO(10) gauge group only with the 
Higgs field @5T5 + OIrst. Then the resulting vev endows the following gauge bosons of the 45 with mass 
Wi, We, Wr. We. WR.WR, Al, Al, Aj, and Y,.Y9,¥;. Remark : It should be noted that if the above 
listed gauge bosons already have mass due to some other Higgs field they will gain additional masses up on 
the ®29, breaking. 


(ii) One can show that ®5T's + ors! induces mixing among certain gauge bosons. The gauge bosons in (7) 
mix: W, —Wp,W? —Wa , WP? — We, Al, — Ya, where the sign ”—” illustrates mixing. A pure © 9) 
breaking produces one massive and one massless mode for all the above mixed states. i.e., There will be 
a total number of six massive and six massless mixed gauge bosons. However the detailed nature of the 
mixing will be elaborated after the Higgs sector is fully appreciated. 
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(d°)r dr (er eR 


®5 Os Os ®5 
(d°)r dr (e°)z eL 
(u°)z UL (VU) VE, 

®s5 cor ®; ®5 
(u)R UR (V)R VR 


Fig. 6.1: The Scalar @5 coupling to fermions, where ®5 is flowing into the vertex 


(iii) Let us consider the Yukawa term Yj; (W; 591 V;), where i, 7 = (1, 2,3) are family indices, Yj; are the 
Yukawa couplings and W; are the family spinors. The vacuum expectation values of the ®5Ts + ors! 
Higgs fields endow all the fermions with Dirac masses. The vacuum expectation values of the ®5T'5 + o'rs! 
Higgs fields endow all the fermions with Dirac masses. The vertices at which the Higgs scalars couple to the 
fermions are shown in Fig. (6.1). The charges conserved at each vertex can be checked from Tables (4.3) and 

4.4), (7.1). They produce equal masses for fermions.i.e., up-leptons and up-quarks get equal masses like 

My = my,. Also down-leptons and down-quarks get equal masses like mg = me. The equality of lepton 

and quark masses can be easily deduced from the uniformity of the matrix 2 which was shown in eq. (6.10). 

Finally the up fermions and down fermions get all the same mass like m,, = ma, because ®5 and a! are 

conjugated to each other., i.e., they assume vev’s that can differ at most by a phase. 















































Details concerning the above features will be considered later on again. 


6.3 Weight Diagrams for the 10 


U8 
U3 = - 
UI5 


(1,1,6) (1,1,3) (1,1,3) 


Fig. 6.2: The decomposition of the sextet in the 10 with respect to SU(3) x SU(2)z x SU(2)r x U(1)B_x. The 
L, R isospin weights are suppressed and U5 points out of page. 
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Charges of the 10 Higgs Fields 























Tab. 6.1: Charges of the scalar bosons in the 10 Higgs representation of SO(10) 
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7. THE HIGGS MULTIPLETS: THE (126)-REPRESENTATION 


In this part we elaborate the 126 Higgs representation. Not all of these Higgs fields will be useful, only those 
which can be implemented in the spontaneous breakdown of S'O(10) over various intermediate symmetries down 
to SU(3) x U(1)g, will be to us of physical importance. The 126 is spanned by the 5-products of the I’; basis of 
S'O(10) which were introduced in § 2.3] These 5-products include all the possible D,PjP~LiLm terms in which 
ti#9A#kALSAm. There will be 252 such products. But half of them will be related over ’f;y¢ to the rest. This 
means that, there will be 126 Higgs fields and 126 charge conjugated Higgs fields, namely the 126. The expansion 


reads 
Qiu Die 
Q21 N22 





1 

V32 
where I’ are 126 linearly independent combination of the 5-products and ® are the charge raised 126 fields. It is 
formally not pleasing to treat these fields over a single index like ®, with a = (1,...,126). Therefore we must 
develop a relatively practical way of labelling. We use two lower indices to denote left and right isospin states and 
an upper index to distinguish among those fields which posses the same left-right isospin state. The convention 
will be explained in some more detail later on. The complete list of the Higgs fields ® and the I’’s of the 126 
expanded in terms of the real valued scalar fields ;;41m and the 5-products P;1j;0,0' Pm respectively are given in 
Appendix B. As done before, the total 32 x 32 Higgs matrix will be truncated into 16 x 16 blocks of matrices as 
shown in eq. (7.1). To be illustrative, let us consider the I; matrices of basis C to depict the matrix of ’s. Then 
Q4, and Q22 turn out to be occupied fully by zeros. The Qi. part is 


1 
dijkiml Vil Tim = — (F-8+T"- 61) = ( (7.1) 
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Ba os. Big B11 a #§ #6 #5 ot 4418 10 ot —Ag 63 610 
Bs Bg oO, B10 22 #6 #8 a 65 Ea Aq2 ett 25 a —Ag oil 
Be Bg Br #0 a3 28 oA oo o12 913 314 gl g12 #13 ol4 o15 
%G, 2}, oo, a3, —875 —Ba —Bs —B6 —r»\4 «ot o? 9 Ay ety oe? 69 
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In this block, all positions are occupied and no Higgs field is charge conjugated to any other in the same block. On 
the other side Qi2 = Ons so that the lower block is occupied by the 126 Higgs fields. The 126 decomposes under 
the SU(2), x SU(2)r x SU(4). symmetry into the (3, 1, 10) @ (1,3, 10) @ (1, 1, 6) & (2, 2, 15) multiplets [53]. 
Initially we will consider the first three multiplets and later on the last one. Let us first introduce explicitly the 














Higgs fields which occupy the same cites in the above matrix. These entries are shown with (;, a; and \;. In 
the Higgs field matrix above, the entries G; and a; which are defined for i = (1,...,12) are composed of the 
following fields 


Br = 8) - B00 Br = Bf + Boo 01 = 85,4 Oy a7 = 85, — By 
Bo =85,- Bho Bs =Bi,- Bog a2 = 3,4 Of9 ag = 03, + Phy 
B3 =83,-—@)9 Bo = Bho t+ Boo a3 = 83,4 Of) ao = 08, — Bho 
Bs =Blgt+ Bho Bio = Big—- Bio a4 =25,- Bho a0 = 24, + Boo 
65 =B2.+ G59 Bi = Bat Big a5 =O, - fy ar = 83, — Bio 


Bo = B3,4+ 65, Bio = G6,- Bh, ag =O2,-O§, ara = 08 + Bf, 





(7.2) 








In the above expressions ©), are left and right isospin singlet Higgs fields. This is implied by the two zeros in 
the subscript. There are totally six such Higgs fields and they form a sextet (1, 1,6) for which i = (1,...,6). 
These fields are listed in the first column in eq. (7.3). On the other side we have ten Di and ten D5 fields which 
have the same SU (4) weights with the fields of the sextet for i = (1,...6). Actually they belong to the (3, 1, 10) 
and (1,3,10) multiplets respectively and exhibit a triplet structure with respect to left and right isospin groups 
respectively and do sit at the same sites with (1, 1,6) in the Higgs matrix. To avoid any inconsistent labelling, we 
have put a hat on the zeros wherever the zero denotes a zero of the respective isospin triplet. Indeed the D and 





di5 fields belong to separate decouplets where 7 runs up to 10. The other partners of the above mentioned six fields 
are the o. Deas co O53 and the oi Des Do» di fields respectively and are seen to lie along the diagonal 
in the same respective blocks. These fields are listed in the second and in the last column in eq. (7.3) respectively 


where A = (f, 0, |) denotes the triplet structure of the respective isospin gauge group. We have 
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Other elements of the (3, 1, 10) and (1, 3, 10) multiplets occupy the 4 x 4 blocks positioned along the off-diagonals 
and can be easily recognized from their labels. In the Higgs matrix, the isospin triplet fields are symbolically 
labelled with ({,0, |) which indeed correspond to the (+1,0,—1) values of the weights. Other weights of these 
fields are in the Higgs matrix suppressed, but are given in the parentheses in equation eq. (7.3). These values are 
SU(2), x SU(2)r x SU(4) weights in the order (L3, R3, U3, Ug, Uis) respectively. The weight diagrams of the 
126 are given in Fig. (7.3). The explicit expression of the charge raised fields © in eq. (7.3) and the [’s in terms of 
Pijkim and 050,02 m respectively are listed in appendix C. 

Since all the sextet fields in eq. (7.3) posses color and electric charge, they are no good for symmetry breaking 
and can be excluded in advance. These fields decompose under SU(2)7, x SU(2)r x SU(3) x U(1)p_1z into the 
(1, 1,3) and the (1, 1,3) color triplets which differ by the B — L numbers and the members of these triplets carry 
—1/3 and 1/3 fractional electric charge respectively. 

The only fields which are SU(3) singlets in the (3, 1,10) and (1,3, 10) multiplets are the 10°” fields. The 
10°” fields in eq. (7.3) decompose under SU(2);, x SU(2)r x SU(3) x U(1)p_z into the (3, 1, 1) and (1,3, 1) 
multiplets as illustrated in Fig. (7.3). The electric charges as well as other charges of these 10°” fields are listed 
in Table (7.1). Since electric-charge conservation should not be allowed to be violated, only the two electrically 
neutral components of the (3, 1, 1) and (1,3, 1) color singlet fields are good for symmetry breaking. The neutral 
components are U(1)g singlets. We have 




































































; 1 
OE arias Vane 4a) 7 An+5As-1=0=Ag, Ar=0 


(7.4) 





ee 1 
(it) rt a Nae 0, 0 ,--%) —> AR lr gAB-L =0= Ag = Ay, Ar =0 
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where the A’s in the upper line indicate the amount of non-commutation of Tio with the diagonal generator of 
the respective symmetry and the A’s in the lower line indicate the amount of non-commutation of Tor with the 
diagonal generator of the respective symmetry. The factor 1/2 is due to the factor in the electric charge eigenvalue 
operator, namely Q = L + R+ (B— L)/2 and (B — L) = 2\/2/3 Uis. Let us consider the following terms 
qualifying for the Higgs mechanism 


1 1 
3170 + Pisi0 = ZF 10 O15 + apeor Dot ; oF [(®3110)"] = (®15)* it [(®1310)”] = (®o7)* (7.5) 


where ( )? = ( )( )'. From now on, we will always refer to the above two Higgs fields on the right hand side 

with (3, 1,10) and (1,3, 10) respectively, or equivalently with ®©3;;) and ©1319 respectively. at in terms of the 
I’; basis is expressible as 

Vyo = —Vil'slsV7V 10 + Vil 30s 79 — Ti 3sPsl io — Til 3ls'sP'9 

iP slo 710 — Pil slel7l9 + Fil sloePslio — Wil sel slo 

+70 Vals 7010 + Pilals0 709 — Tila sl sVio + Pilar sl slo 

—ViPalo Pio + Viale 79 — Vi Palo sPio — Tilalel slo 

+iPoVal oP gl — PoPal oP sVi0 + Pal aloP7V 9 + tVaFal oll 10 

4+TePals Us + tPePal sl sVio — Val als0 709 + VoPal sl 10 

—TeP3P oslo — tPal 30 oF a0 10 + Vals 60709 — Tol 3060 7T 10 

+PoP3Ps5U glo — Pol3l50slio + Pal3ls5P7l9 + Pal 3ls5P 710 


(7.6) 








If we use the [; matrices of basis C, the ty matrix turns out to have a non-vanishing entry i.e., 32 at position 
(4,32) where all other entries are zero. This is directly observable from the Higgs field matrix of the 126 as well. 
The position (4, 32) lies in the 212 block. If we use basis B to evaluate the matrix above than the non zero entry 
lies at position (7, 26) and for basis A, it lies at position (2,21). The common property of these positions is that it 
correctly couples the Higgs field ®1) to two neutrinos which are vz, and (v°) ,. This will be considered in some 
more detail in §{7.1) The Tor in terms of the I’; basis is found as 





Tor = 4130305070 y9 — P30 sl 719 — 1 3l sl sl19 — Pil 3 sl slo 
=P PoP eP eT ig Phebe ly = TPs al ig aE Peale 
$40 PPP og eT Pall ely Ty Rieter ig — a0 Palerals 
+P Palo Pio — Pi PaleP 79 — Pi PalePs Cio — Tilal ol slo 
AP Pel elo ETYCAT Tel ig- ETS el oar ig 
SPP To ATT Pg ATT ee — Ta Ag 
Pela Fels ~40 eal Play — 90 Pal el Pe Perel ie 
$F oP ssl gPo ETP al eT al gt Poll sll aol sls io 


(7.7) 





Again if we use the I’; matrices in basis C, then i turns out to have a non-vanishing entry i.e., 32 at position 
(16,20) where all other entries are zero. Notice that (16, 20) lies in Q)2 block which is also directly observable from 
the Higgs field matrix of the 126. If we use basis B to evaluate the matrix above, the non zero entry lies at position 
(18,15) and for basis A, it lies at position (5,18). The common property of these positions is that it correctly 
couples the Higgs field Dor to two neutrinos which are (v°), and vz. Notice also that in each of the expressions 
for Ty and Tor the first four rows are related to the terms in the last four rows over —2I pine = 11 ---T10 as was 
pointed out before. We have the following commutation relations 








[Tig.ts] = -1 Tig THis) = o Te 
[Tig,Rs] = 0 Tig [Ta,Rs] = +1 rye 
[Tig,us] = 0 Tig [TH#,0s] = oO TH (7.8) 
[Tig,vs] = 0 rig [Titus] = 0 Tie 
[Tits] = +& rig [Ta,Uis] = - TH 
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Before we continue elaborating the remaining fields in the Higgs matrix, we will sort out various symmetry break- 
ing chains that the above Higgs term given in eq. (7.5), namely the (3, 1, 10) and (1,3, 10) can initiate. The first 
component of the Higgs term breaks the following initial symmetries to the final symmetries 


(i) SU(4) x SU(2), x SU(2)p down to SU(3). x SU(2)r x U(1)y: where the U(1)y is an Abelian gauge 
group whose eigenvalue operator is L3 + (B — L)/2. The U(1)y symmetry operating on the 16,7, (or 162) 
spinor of fermions is understood to yield the sum of the D3 and (B — L)/2 eigenvalues. 





(14) 
(iv) SU(3) x SU(2), x U(1)y down to SU(3) x U(1)a. 


SU(3) x SU(2)r x SU(2)r x U(1)p_1 down to SU(3) x SU(2)R x U(1)y as above. 
SU(3) x SU(2)r x U(1)y remains unbroken 


The second component of the Higgs term breaks the subsequent initial symmetries to the final symmetries 
(i) SU(4) x SU(2)r x SU(2)R down to SU(3) x SU(2), x U(1)y 

(it) SU(3) x SU(2), x SU(2)r x U(1)B_1 down to SU(3) x SU(2)r, x U(1)y as above. 

(iit) SU(3) x SU(2)r x U(1)y remains unbroken. 

(iv) SU(3) 
It is remarkable to notice that the left-right symmetric 4-color gauge group always breaks down to SU(3) x 
U(1)q, if both components of the (3, 1,10) @ (1,3, 10) operate. This can easily be verified from above. Some 
other cases that we had previously explored for the (2,2, 1) of the 10 can be reconsidered in cooperation with 
(3, 1, 10) @ (1,3, 10). In this respect we take the final symmetries that had been reached via the (2, 2, 1) as initial 


symmetries on which the (3, 1, 10) @ (1,3, 10) can act. Then the (3, 1, 10) breaks the following symmetries to the 
final symmetries 


(i) SU(4) x U(1)z4R down to SU(3) x U(L)g 


3) x SU(2)r x U(1)y: down to SU(3) x U(1)g 


(it) SU(3) x U(1)r+R x U(1)B~1 down to SU(3) x U(1)a 

The second term, i.e., the (1,3, 10) breaks the following initial symmetries to the final symmetries 
(i) SU(4) x U(1)L4R down to SU(3) x U(1)g 
(it) SU(3) x U(1)r+R x U(1)B~1 down to SU(3) x U(A)a 





So we have made the observation that the (2, 2,1) and the (1,3, 10) @ (3, 1, 10) are very well cooperating. This 
cooperation is easier to observe from the illustration in Fig. (11.1) where all the above cases as well as the ones 
in § 6/are illustrated. It is seen that the Higgs trio, i.e., the 221, ©1319 and ®3,;) never pushes the symmetry 
ina cul de sac, ie., the SU(3). x U(1)q is reachable regardless of the order of the Higgs multiplets employed. 
The obvious calculational advantage of this observation is that one has the freedom to employ the above Higgs 
multiplets in the Higgs mechanism (a) without choosing predetermined chains of symmetries, or (b) without 
bothering about the order of the respective vevs. But at the end, we must be able to ascribe the vevs their correct 
values, as far as physics is concerned. This will be achieved in §|15 






































7.1 Features of the ®131:)9 6 ®31 7 


Two important features that are worth discussing is how the ®1319 © ®3; 7 multiplets behave in the Yukawa sector 
and in the Higgs mechanism. 


i ain we consider the most general case in that we bre e auge group with the Higgs fie 
i) Agai ider th g ] in th break the SO(10) gauge group with the Higgs field 
+ . Then the resulting vev of the first term endows the following gauge boson of the 
Tio ®10 Tor Sor Then th Iting f th d he following gauge b f the 45 
with mass: Xp_z~,Wa, We, Wi, A,, Ag, Ap, Al, Aly: Aj, and X,, Xg, Xp. The second term endows the 
following gauge boson of the 45 with mass: Xp_zp, W,, we, Wr, A,;, Ag, Ap , Yr, Yg, Yp and X;, Xg, 
X>. The remark in §6.2/applies here as well. 





(ii) The first component of the above Higgs field induces mixing among Xp_, — Wp, , where the sign — is 
always illustrative. The mixed state has one massive and one massless mode. The second component of the 
above Higgs field gives rise to mixing among X3_,, — W?. Similarly this mixed state has also one massive 
and one massless mode. 
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(iit) If both Higgs fields receive vevs there occurs a mixing among W, — Wr — Xp_y where one mode is 
massless and two modes are massive. The two massive modes are high- and low-mass modes. 





(iv) The P{} ®[} +o; Oo? Higgs fields as pointed out previously couple to neutrinos as was shown in eqs. (7.6) 
and (7.7). Let us consider the Yukawa term Y;; UV; (®1310 + ®3119) Uj where i,j = (1,2,3) are family 
indices, Y;; are the Yukawa couplings and W; are the family spinors. The vacuum expectation values of 
Tip ®[o + Lop Bop will endow the neutrinos with Majorana masses. These vertices are shown in Fig. (7.1). 












































The charges conserved at both vertices can be checked from Tables (4.3), (4.4) and (7.1). These are Majorana 
mass terms like 7 (vz)° and (vR)° vp. 
(V)R VR 
#18 mf 
VL (Vv), 


Fig. 7.1: The scalars #15 and BoF coupling to neutrinos. The scalars are flowing into the vertices. 














Details concerning the above features will be considered later in § |11]and §|12) Let us come back to those fields 
of the 126 which we haven’t discussed yet. In the Higgs field matrix above, the entries \; along the diagonal for 
i = (1,...,12) are multiply occupied. We have 











A = 07, — 615 /3 Av = 07, — 6159/3 

dg = 0%, 6159/3 Ag = 8, — 1/3 

dA3 = —87, — BF, — G7 /3 Ag =O], — BF, — O17 /3 (7.9) 
Mos B= 62/3 do = OF, -—O17/3 , 
4s = 68,-619/3 Au = 8, — 61/3 

Ae = — OF, — OF, — GF/3 Ay = —OF, — OF, — OF) /3 




















These fields are part of a bi-doublet in the SU(2);, x SU(2)r space and simultaneously satisfy a 15-plet in the 
SU (4) space. We labelled each field of this (2,2, 15) multiplet with an upper index 7 where i = (1,...15). There 
are totally 60 Higgs fields falling in this multiplet, and they are listed together with their weights as below. 

















































































































1 1 
Phd +100) Ob Fh +1000) 
2 4,44,42,4-3.,0) ae -2,42,+-%.,0) 
: Boa T2T aR ad 2 2°T 7? 
cna ae ee ee) Died ott Fwy 
: pigs tae ae aD ty 
® 
(+5,+3,—1,0,0) +4,+4,-1,0,0) 
o° i 4.0 9 3 o° fl oe a 3 
(t5 455-5) 759) t3,F3.-3:-3579°9) 
or 24i 41 3—.0) Desa 4,44,—=3.,0) 
2272) 27? SRT TZ” BF? 
07 ue 1 07 1 1 
5 5 5,0,0,0) Ya 
(£4,44,0,0,0) +4,+4,0,0,0) (7.10) 
or cha, ie a eee ee Ord a sip 2 4 2) 
aa 2° T29T BT Ve oo 23/3’! Ve 
Q A4h,-1 4-442) i, ee ae +2.) 
a a—-atyBt ye ia a—ptyat ye 
Pod 4.0, g +3) Ph FH0.- Jet Fp) 
5,0, git se xa>Fa 5° 5 
a a1 1 2") Oia aa a 1 2_) 
— 2°29 378’ Ve oe 2-375? Ve 
2 Laiuk i 1 2) 274 a ee ee — 5) 
ui DHBWT2 We Ve ere i 
ees yee ane a ae ee ee ee 
a Berl e Ve Pe Be TB Ve 
= 3 £3 ,0,0,0) 44+ 4,0,0,0) 





where in each weight configuration either up signs or down signs should be chosen. The weight diagrams of the 
(1,1, 15) multiplet is given in Fig. (7.3). In the Higgs field matrix the (+1/2) isospin states are symbolically 
indicated with 4 possible configurations JT, T|, |? and || as subscripts. The remaining weights are suppressed. 

















57 


But since there is always an upper index addressed for each field in the Higgs field matrix, it is possible to read off 
its remaining weights from the above given list. 

Again the useful Higgs fields for implementing in the Higgs mechanism must be first of all SU(3), singlets. 
As shown in Fig. (7.3), under the SU(2),, x SU(2)r x SU(3). x U(1)B_1 symmetry, the first eight bi-doublets 
above constitute a color octet, namely the (2, 2,8) and the next six bi-doublets decompose into two color triplets, 
which are the (2, 2, 3) and the (2, 2, 3) triplets. These carry all fractional electric charges. The last field ®1° which 
comes with 4 possible left-right isospin configurations are SU (3), singlets. Under SU(2)1 x SU(2)r x SU(3).x 
U(1)p_z these 4 fields decompose into the (2,2, 1) multiplet all with zero B — L number. Various charges of 
these 4 fields are given in Table (7.1). Only the ®/? and ©}? Higgs fields are electrically neutral. It should be 
noted that the (2,2, 1) of the 10 and the above (2, 2, 1) of the 126, are basically different in that the latter endows 
the X,, bosons with mass and the former not. This and related properties of the (2, 2, 15) will be reconsidered later 


in We have 


























(i) Ty} = 141,200) ~ 42 +42 =0=Ag, Ap_, =0 


(#) Th, =TC142,000) 742+ Ar=0=Ag, Az-1=0 


(7.11) 


where the A’s in the upper line indicate the amount of non-commutation of ri; with D3 and R3. The A’s in the 
lower line indicate the amount of non-commutation of ry with L3 and R3. Let us consider the following term as 
qualifying for the Higgs potential 


1 5 
2015 = aaa (Ti OR +13} 4); Tr[(®2215)7] = (819)? + (877)? (7.12) 


where ( )? = ( )( )'. From now on, we will always refer to the above two Higgs fields with the (2,2, 15) or 


equivalently with ® 215. In terms of the I’; matrices, Ty} and ri; are given as 


Vy} = (-iViPelsPal io — PiP alsa + 1ViP oT sT 610 
+1 Pals lel + t1yPol7Psl 10 Te Ty Pel7P slo 





(7.13) 

—PsPolr7lslo — t P5060 70'sl 10 + P3Pal7T'sl9 

SAT Fig Esl yhel yee elig) 

<P} = (tT Pel sPal io + Til eP 3a + iP Psl6l 10 
PyPyPel slg — FD Pel Pel ig + Tile els (7.14) 


—DsPol7P glo + ils 0670 slio + V3P4l7P glo 
—iP3PaP7P'slio — P3PalsPoPo + iP 304s 6P 10 ) 


It is seen from the expressions that ry} and rit are not charge conjugated. The below given commutation relations 
are also useful. We have 








[Tits] = +3 TH [TH.ts] = -3 TR 
[TH.Rs| = -3 TH [THRs] = +3 7H 
rs, Us - 90 rs rs, Us —- 9 rs (7.15) 
ris, Us = 0 7 rs, Us —- 9 rs 
[r 5 Us| = 0 Ts [ TH, Us —~ 9 rs 
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5 


If we utilize the [; matrices given by Basis C, then the r | and rt matrices turn out to assume the following 


form 

BOO O 1 0 0 0O 
0 A 0 0 0 O 0 1 0 0 

15 _ = 
re=| 9 a Ve 0 0 0 O a= 0 0 1 0 
0 00 B 0 0 0 -3 

(7.16) 

0 0 0 O 1 0 0 0 
0 A’ 0 B O O 0 1 0 =O 

15 p _ 
re=(5 a a 0 0 B O a= 0 01 0 
0 0 0 0 0 00 -83 


Here A is a 16 x 16 block and B is of size 4 x 4. It turns out that B is proportional to the generator U5 of the 
fundamental representation of SU (4) which was given in Table (3.2). This can also be seen from the multiplicities 
appearing in eq. (7.9). From the above matrices it is seen that o;/ couples jf, (only left-isospin up states) with fr 
(only right-isospin up states) and also (f°) (only left-isospin down states) with (f°), (only right-isospin down 
states) . Similarly O]; couples couples fr, (only left-isospin down states) with fr (only right-isospin down states) 
and also (f°) (only left-isospin up states) with (f°), (only right-isospin up states). Also the hermitian conjugates 
must be considered. We will come back to this point later in §[7.2, The ©]? and ;) Higgs fields can break the 
following initial symmetries to the final symmetries: 




















(i) SU(4) x SU(2), x SU(2)r down to SU(3). x U(1)r+Rr x U(1)B_1, where U(1)7+R was previously 
defined in § 6) 





(it) SU(3)c x SU(2)r x SU(2)r x U(1)p_-1 down to SU(3)c x U(1)r+R x U(1)p_z. 
(itt) SU(3) x SU(2), x U(1)y down to SU(3) x U(1)q. 
(iv) SU(3). x SU(2)R x U(1)y down to SU(3) x U(1)a, where the U(1)y” was previously defined in 


The above chains of symmetry breakdown given in (i) to (iv) are illustrated together with the previous (2, 2, 1) of 
the 10 and the (1,3, 10) © (3, 1, 10) of the 126 in Fig. (11.1). 


— 





7.2. Features of the ®15 











Some other feature that is worth discussing is how the @2915 Higgs fields given in eq. (7.12) behave in the Yukawa 
sector and how they behave in the Higgs mechanism. 





(i) Consider the most general case in which we break the SO(10) gauge group with the Higgs field (Ty Oi; + 
T;} ®;?), then the resulting vev of the first term endows the following gauge boson of the 45 with mass: 
Wr,W?,W,,Wz, WR Wr: At Ay, Ags Yrs YqsYos Yi gs Vz and XX, Xp 
The second term endows the following gauge boson of the 45 with mass: Wr, WP, W,> Wi. Wwe, Wp: 
A,, Ag, Ap, Al, Ays Aj, Yr, Yq, Yp and X,, Xg, Xp. The remark in § 6.2|applies here as well. 














9999 


(ii) The first component of the above Higgs field gives rise to mixing among We — W?, where the sign ”—” is 
always illustrative. This mixed state has one massive and one massless mode. The second component of the 
above Higgs field also leads to the mixing among Wy} — W?, and has also one massive and one massless 
mode. 


Ww 


If both Higgs field receive vevs then they gives rise to mixing: W2, — WP where this state has one massive 
and one massless mode. W, — W;, with two massive modes for each charge configuration. A‘, — Yq, with 
two massive modes for each color configuration. The two massive modes are understood to be high and low 
masses. 


(iti 














Ke 


(iv) As pointed out previously, the first Higgs field in (C}} ®}} +1}? ®;)) couples only to the (d, e) (down- 
type) fermions and the second term couples only to (u, 1) (up-type) fermions. Thereby all the fermions are 
endowed with Dirac masses. Let us consider the Yukawa term Y;; (W; ®Bo015 U;) where 7, 7 = (1, 2,3) are 
family indices, Y;; are the Yukawa couplings and W; are the family spinors. The vacuum expectation values 
of the I}? ®}} +1}? ®}) Higgs fields endow all the fermions with Dirac masses. The vertices generated 


by the Yukawa term are shown in Fig. (7.2). The charges conserved at each vertex can be checked from 
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(d°)r dr (er eR 
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It AR It is 
(d°)b dp, (e°)r eL 
(u°)R UR (V°)R UR 
15 15 15 15 
OF) OF) OF) OF 
(u°)r UL (Vv) i VL 


Fig. 7.2: The Scalars oi} and rat | couple to d,e and u,v fermions respectively. All scalars flow out of the vertices. 























Tables, (4.3), (4.4)and (7.1). The (2,2, 15) multiplet has a multiplicity of 3 at the positions that couple to 
leptons, therefore the relations mq = =e and m, = 3m, will hold. Since Ot produces only Dirac 
mass terms for (d, e) (down-type) and Oi! | Produces only Dirac mass terms for (u, v) (up-type) fermions. It 
follows that the down fermion sector “ ae up fermion sector can get different masses i.e., mq and m., can 
be different, provided that we employ not only both Higgs fields but assign them unequal vevs. One should 
have in mind that OIF and o}) 7] are not charge conjugated and their vevs can assume different values. This 
feature differentiates the (2,2, 15) singlet of the 126 from the (2,2, 1)of the 10 where the ®; and ®; are 
conjugated. 














Details concerning the above features will be visited later on again in §|11]and §|12) 





7.3 Weight Diagrams for the 126 


Charges of some 126 Higgs Fields 





























Tab. 7.1: Charges of some Higgs bosons in the 126 Higgs representation of SO(10) 
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(2,2,15) (2,2,8) (2,2,3) (2,2,3) (2,2,1) 





(1,1,6) (1,1,3) (1,1,3) 


I 
+ 
+ 
1e) 








VV U8 
ey + + 1e) U3 
UI5 


(1,3,10) (1,3,6) (1,3,3) (1,3,1) 





Fig. 7.3: In the figure L, R isospin weights are suppressed. U15 points out of page. Ug and U3 are laying on the 
page. The decomposition of the 126 with respect to SU(2)z x SU(2)r x SU(4)c is given in the first 
column. The decomposition of the 126 with respect to SU(2)z x SU(2)r x SU(3)- x U(1)B_1 are given 
horizontally. 
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8. THE HIGGS MULTIPLETS: THE (210)-REPRESENTATION 


In this part we elaborate the 210 Higgs representation. The 210 is spanned by the 4-products of the I’; basis 
of SO(10) which was introduced in § 2.3! These 4-products include all the possible D,Pj;0,P) terms in which 
i #9 #kAL. There will be 210 such components. We have 





1 
V32 


The 210 Higgs representation is indeed rather complex and contains only a few useful multiplets for the SO(10) 
Higgs sector. These fields decompose under the SU (2), x SU(2)r x SU(4) gauge group into (2, 2, 10) + (2, 2, 10) 
+ (1,3, 15) + (3,1, 15) + (1,1,15) + (2,2,6) + (1,1,1) multiplets [53]. Many of these fields occupy the same 
sites, if one considers an explicit matrix representation %. The 12; block is presented in two parts below such that 
the former one contains the Higgs fields of the first five multiplets i-e., (2,2, 10) + (2,2, 10)+(1, 3, 15) + (3, 1, 15) 
+(1, 1,1) and the latter contains the remaining 2 multiplets i.e., (1,1, 15) + (2, 2,6) where we have used basis C. 
The conventions used for the upper and lower scripts in the Higgs fields was previously defined in § |7/ and will 
not be repeated here. The sum of the two gives (1);. For basis C, 042 and Q2 are null blocks. (22 is related to 
Q,1 through a parity transformation where P is given in eq. (4.25). The diagonal elements \,; for i = (1,...,16) 
appearing in the first matrix below are explicitly 


1 Qi Orie 
Gignt VTL = FE (C-®4+1'.!) = ( Qn Oop (8.1) 






















































































A= Oi + Of, + 048 dy = Hig + Oly + 04 
dy = — Oy + 08, + 318 Aig = +85) + #5 + 05 
Ag = —B§y — 07, — 8 + BP Arr = +859 — Boa — Bo5 + B55 
Nz = — jy — 3 OF? Mz = +h — 3 53 (8.2) 
de = Bin — Hy — 8 Aig = +8fo — 8p — 948 | 
Ae = — Big — G3, — O53 Ara = +Bhq — Bhg — BGG 
Ar = — Bp + Big + PG — 2p 15 = + PHo + Bog + Bog — Poe 
Ag = — fy +3 BP M6 = +5 + 3 O52 
The diagonal elements a; and 3; for i = (1,...,8) in the same matrix are explicitly 
b= +040 — 1 2s = +810 OF 
by = +8, — 8 Bo = +84, - O18 
7 8 15 7 8 15 (8.3) 
B3 = —Pig — Oty — Big Br = —®ig — Big — Bio 
B41 = +305 Bs = +3015 
oy = +07, — 028 as = +8), — 25) 
a2 = +5, — O57 ag = +45, — &5) 
7 8 15 7 8 15 (8.4) 
ag = — Dot — Boy — Gor a7 = — Bo, — Pa, — Polo 
a4 = +3075 ag = +365) 
Finally the diagonal elements A; for i = (1,...,4) in the second matrix are 
Ay = +®§ + &45 
Ag = +8, + 3 (8.5) 


Ag = —®§9 — Bho + G05 
Ag = —3696 
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The (2, 2, 10) and the (2, 2, 10) multiplets of the 210 Higgs representation are 
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ZF ’ 3 Fa) (25 Fa t+1, V3? Fa) ( zp oD> V5’ 75) ETD toast Zz) 
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g°:t2> re V3? V6 (495,49, , V3? Ve) ( 29-2923 V3?! Ve +39T2) > V3?! Ve 
Ori ad 3 OT at 3 OP ba 3 De acl 3 
gig; 0,054 7) (45,43, 0, 0 +g) (25,2 5,-0,.0, 7a) 5,43, 0,0 se) 
(8.6) 


The values in the parenthesis indicate the SU(2), x SU(2)r x SU(4) weights. They are given in the order 
(L3, R3, U3, Ug, Uis) respectively. The first two columns above show the (2, 2, 10) Higgs fields and the ~ two 
columns show the (2, 2, 10) Higgs fields. Again either up or down pairs in (44,44...) and in (+3, +3 
should be chosen. In the 210 Higgs matrix, the (2,2, 10) fields are located in the apier off diagonal block and the 
(2,2, 10) fields are located in the lower off diagonal block. Note that we haven’t distinguished between them by 
means of any label. 

The 10°” component of (2,2, 10) with (up,up) isospin and the 10‘” component of (2, 2, 10) with (down,down) 
isospin are SU(3). x U(1)qg singlets. Indeed each of them could be in principal utilized to break the SU(2), x 
SU(2)r x SU(4) symmetry down to SU(3). x U(1)g. But this spontaneous symmetry breaking initiates a very 
sudden transition between the final and initial states, resulting in extremely heavy gauge bosons with masses high 
above the Fermi scale. Since this is in conflict with the electroweak theory, we disregard these Higgs fields. From 
the other side the (3, 1, 15), (1,3, 15) and (1, 1, 15) Higgs fields are respectively defined as 
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HEt5 ate) O,-F- FR 7a) (0,0,+5 tat ye) 
i 1 1 2 6/0 1 1 2 oo 
ai —gtyaet a) Ata aver Ya) OO be Zs) 
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The Higgs fields of the (1, 1, 15) multiplet coincides with those of the (3, 1,15) and (1,3, 15) multiplets as seen 
from (21). The last Higgs field of the (1, 1,15) multiplet above which is the ©j3 decomposes under SU(2)z, x 
SU(2)r x SU(3). x U(1)B_1 as a (1, 1, 1)o singlet. It could be utilized to break the SU(2); x SU(2)r x SU(4) 
symmetry down to SU(2)r, x SU(2)r x SU(3)- x U(1)B_1z. We will use instead a similar singlet from the 45 
representation which we first introduce in §{9] A discussion about the necessity of using such a singlet in the Higgs 
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mechanism will be surveyed in § 























[11] The Higgs fields of the (2, 2,6) multiplet are 
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These Higgs fields are overlapping with those of the (2,2, 10) and the (2,2, 10) multiplets. All of the (2, 2,6) 
Higgs fields carry SU (3). color and fractional electric charges. Therefore none of them can be used in the Higgs 
mechanism. Finally we have a SU(2), x SU(2)r x SU(A) singlet which is 


®(0,0,0,0,0) (8.9) 


This (1,1,1) singlet was shortly denoted with ®5, in the matrix. For the Higgs mechanism we will use the 
following Higgs term 
1 


V32 


®111 = Bho0 0 = érsoio I7PsVoP10; Tr [(®111)?] = (@¥o)” (8.10) 


8.1 Features of the ®}o 


(i) Again we consider the most general case in that we break the SO(10) gauge group with the Higgs field ®5,. 
Then the vev of this Higgs fields endows the gauge fields of the (2, 2,6) multiplet with mass. 


(ii) The ®§, singlet of 210 can not be employed in the Yukawa sector. Because it fails to produce dirac mass 
terms for fermions. This fact applies to all Higgs fields in the 210 Higgs representation. This can also be 
seen from the matrix of (’s. It couples UV; with UV; and not Vz, with Vp. 
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9. THE HIGGS MULTIPLETS : THE (45)-REPRESENTATION 


9.1 The Structure 


The 45 is the collection of antisymmetric objects that can be constructed from the bi-products of the I’; basis with 
i = (1...10) so that %,, = —Noa. These are the generators Hay of SO(10) and were introduced previously in 
eq. (2.12). In order to investigate the 45 Higgs representation, we define 45 real scalar fields ga, where a,b = 
(1,...,10) with dap = —oa and construct the sum 














10 
1 1 1 : : 

Sav ba ==0-®; Tr | (Dav dar)’] = S> 2,, a Xb 1 
75 b Dab 5 3 r{( b bab)’| pe a#t (9.1) 


which is alike the gauge term except for that we have scalar fields instead of vector fields. The Higgs fields ® 
are complex and are spanned by the basis of da». The I’s are made of the bi-products [';T; with i # j. The 
decomposition of the 45 Higgs fields is akin to that of the 45 gauge bosons studied in §/3/[53]. The decomposition 
of the 45 in terms of the maximal subgroup SU(4) x SU(2); x SU(2)p and in terms of its descent SU(3). x 
SU(2)r x SU(2)r x U(1)B_1 is done as 























45 = (1,15) + 226 + 3,0 ie Gia) 
45 = (1,158), Tv (1,1,3)o75 ie. (1,1,3)_o73 a CLs + (2, 2, 3)o/3 (9 2) 
(2, 2,3)_a73 Tv (1,3,1), Tv Lae 








respectively, where the subscripts denote B — L numbers. The expressions for the Higgs fields that fall into the 
above multiplets in terms of the basis ¢,, can be easily recovered from our previous analysis in § 3] The (1, 1, 15) 
members are 





























Doo = Bho = (b45 + 663 +i O53 + i Gae)/2 O83) = (G23 + ba + isi + idea) /2 

Dh = io = (b52 + Ge1 +i bo2 +i gis)/2 OS = (dos + Ge1 + idsi + idea) /2 

Bho = Boo = (G23 + bar +4 a1 +t b42)/2 B99 = (G45 + $63 + idss + idos)/2 (9.3) 
Oho = Oho = (G21 + das + 2 G65)/V6 &i3 = (¢21 + 43 — 65)/V3 

O8, = O59 = (b21 — 2 daz — $65)/V6 


where 4,, 3, and ©, are conjugated to 4), &3, and ®%) respectively. ©/, and 8, are made of diagonal 
elements. Also 642, ©43, 6}5 are conjugated to ®35, 43, &b4. The two zeros in the subscripts show left and right 
isospin states. The (3,1, 1) and the (1,3, 1) triplet fields are respectively 


Dio = (b98 + d107 + iG79 + ig108)/2 B85, = (d98 + dri0 + ira + idsio)/2 
Po = ($87 + ¢109)/Vv2 Poo = (¢37 + ¢010)/V2 (9.4) 
Pio = ($98 + $107 — 1679 — ibios)/2 25, = (b98 + $710 — i¢79 — isio)/2 


The subscripts (T, 0, |) show left and right isospin states of the respective isospin triplet. The hat on the zero is, 
as done before, introduced to distinguish between the isospin neutral fields. The fields in the coset of the maximal 
subgroup and the SO(10) group, fall into the (2, 2,6) multiplet. These are 


















































1, = (675 + d68 + id76 + idgs)/2 B12 = (d95 + d610 + ibo6 + ibios)/2 
@?, = (637 + bag + idrs + idss)/2 BF = (db39 + b410 + iboa + ib3i0)/2 
@}. = (b71 + bs2 + ida7 + idsi)/2 BP = (91 + b102 + ib29 + ibi01)/2 
(9.5) 
Of, = (db59 + d610 + ideo + i¢105)/2 BI = (75 + bse + ibz6 + idss)/2 
©?) = (G03 + b410 + id4g + ib310)/2 OF = (b37 + bea + ibra + ibg3)/2 
DF, = (b19 + d1o2 + ido2 +igior)/2 O[f = (G71 + G28 + ide7 + idig)/2 

















The subscripts || etc. show left and right isospin states. The above fields are ordered as below, where the values 
in parentheses denote weights with respect to the maximal subgroup in the order L3, R3, U3, Ug and U5. We have 
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(9.6) 











The weight diagrams of these scalar fields are the same with those illustrated in Fig. (3.1). The Higgs fields of the 
(1, 1,8) form a color octet and are electrically neutral. The (2,2,3)_.,3 and its conjugate (2, 2, 3)o/3 are color 
triplets and color anti-triplets respectively, which carry electric charges. Similarly the (1, 1,3). /3 and its conjugate 





(1,1,3).4 /3 are also color triplets with electric charge. None of these fields should be given any vev. 

However the (1, 3, 1), is aright isospin triplet, color singlet. These Higgs triplet comes with 3 different electric 
charges, namely (+1,0,—1) and the (3, 1,1), is a left isospin triplet with electric charges (+1,0,—1). Since the 
neutral members of both triplets are SU(3) x U(1)g singlets, they can be candidates for the Higgs mechanism. 
The neutral Higgs field of the former triplet breaks SU (2) p down to U(1)z and the neutral Higgs field of the latter 
triplet breaks SU(2); down to U(1)z. Furthermore none of the two can generate Dirac masses for fermions. 

Finally the (1, 1, 1), is a singlet under the SU(3) x U(1)gq symmetry. It is a candidate for the Higgs mechanism 
and breaks the following initial symmetries to the final symmetries 


(i) SU(4) x SU(2), x SU(2)z down to SU(3) x SU(2)z x SU(2)R x U(1)B-t. 
(it) SU(4) x U(1)r+R down to SU(3) x U(1)r+R x U(1)pB_1. 











These descents are illustrated in Fig. (11.1) together with the Higgs multiplets studied in the preceding sections. 

Using the isomorphism between S'O(6) x SO(4) and SU(4) x SU(2) x SU(2) we can rewrite the expansion in 
eq. (9.1) in terms of the unitary generators given in eq. (3.9) and (3.10). The (1, 1, 1), singlet is nothing but the 43 
Higgs field in eq. (9.3) and multiplies 4 in the isomorphically equivalent expansion which is the Uj5 generator. 
We denote the sum in eq. (9.1) formally as @. Then ¢ transforms under the representation of the maximal subgroup 
such that 





















































go AoA 3; A=exp(—iglj\; — igLiX, — igRiX/) (9.7) 


where the A’s are some parameters. Actually the S; basis for i = (1,...24) should also be included in the 
exponential so that the transformation is generalized to the SO(10) case. We can expand A around the identity and 
look at the infinitesimal transformation of ¢. From the expansion we get 


The higher order terms can be found through the Campbell-Baker-Hausdorff lemma. In general ¢, prior to some 
spontaneous breakdown, transforms not only with respect to A but also separately under each of the exponentials. 


67 


Since the generators of each gauge group in the direct product of the maximal subgroup mutually commute, they 
can be collected in a single exponential as above which is sufficiently general. 

The vacuum is by definition the stable ground state of the Higgs field. If @ receives spontaneously a vev, 
some of the commutators above will not vanish any more, i.e., the initial symmetry will be lost. The residual 
symmetry that the vacuum respects can be sorted out from the commutators in the expansion. Let us assume that 
dvac = (&49) -T'G3, where (©43) denotes the vev received by the (1, 1, 1)o singlet. Then we obtain 


[Li;dvac] = O t= 1,...,3 3 SU(2)z 

[ Ri, bvac] = 0 ¢:= Lovee, 3 3 SU(2)r 

[Ui vac] = 0 1=1,...,8 ; SU(3) (9 9) 
[Vas Goa = 0 i=15 ; U(1)B-1 : 
[Ui,dvac] # O t1=9,...,14 ; X bosons 

[Si,¢vac] # O t=1,...,24 ; (2,2,6) bosons 


This choice of dyac above lets the vacuum to develop a minimum that is invariant under the residual SU(3). x 
SU(2), x SU(2)r x U(1)eB_z gauge symmetry. It is seen from the last line above that the transformations 
generated by U; for i = (9,..., 14) and S; under i = (1,..., 24) are no more symmetries of the vacuum. Indeed 
these symmetries can be recovered through the unitary gauge at the minima, in which the X, and (2, 2,6) gauge 
bosons eat the goldstone bosons. We have occasionally expressed the above commutations shortly as 


Cet, > Ar = Ar = Ap_t = 0 > Ag = 0 (9.10) 


Here A’s denote the amount of non-commutation with respect to the corresponding symmetries. Note that we have 
not devised any potential V(@) yet. This will be first done in conjunction with many other multiplets in §|11.1 
The term suitable for the Higgs mechanism will be chosen as 





1 
O45 = 5 63 TG) + Goldstone modes (9.11) 


Since the residual symmetry of the vacuum after spontaneous symmetry breakdown is the SU(3). x U(1)g there 
will exist 45 — 8 — 1 = 36 massive gauge fields in SO(10). Therefore we need 36 Goldstone modes. We choose 
them out of the 45 Higgs multiplet as 


Goldstone modes = {0}, 0}, + OF, 03, + OF, TF, + OF, PF, + OF, TF, + OF, TG, + 
OPO Serer iat tata ett 
OUT] + OTH + OE TE + OTIS + OT TIT + OF Ti+ 
OTH + ONL + ORL} + ORTH + ORL + OM TH+ 
Poo Loo + Poo Poo + Poa Loo + Poo Poo + Poo Loo + Poo Poot 


1 1 3 3 2 2 1 1 3 3 2 2 
Bio Vio + By Ml Go + Blo FYo + Boy Poy + Bog Voq + 85, Toy} 








(9.12) 














These Higgs fields will receive no vev but will provide 36 longitudinal degrees of freedom for other gauge fields 
becoming massive in SO(10). They can be gauged away via a unitary gauge in the 45 representation. We will 
come back to this point later in §[11] Note that the I’’s in the above expansion are labelled in the same way as the 
Higgs fields of the 45 and can be easily recognized. We have 
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(r4,)' = Thy = (le 4+ Bes 7 Dey — 7 Dug) /4 
(E85) = To = (52+ X61 — i Neg — i D15)/4 
(;)' S73) = is tha si ha 7) 4 
(Ls) = T% = (Hai + Yes)/vV6 
(r8,)' = 8) = (S21 —Sus)/v6 (9.13) 
(ri2)' = 18, = (Ses+¥i4—é Dai — i Dea)/4 
(raa)” = 190 = (os + Nei — 7 Us1 — i Nee)/4 
(ri4)' = VE = (S45 + Des — i Dsg — ¢ Eea)/4 
Tha = (Lar + N43 — Nes) /V12 
Tho = (29s + Y107 — 4 E79 — i Eyo8)/4 
Poo = (Xs7 + Yi09)/V8 
T?, = (Sos + Dior + é Dre +4 Dios)/4 
(9.14) 
To; = (29s + Urio —% E79 — i Ugio)/4 
x = (Xs7 + Yoi0)/V8 
To, = Mog + U7i9 +2 Uzg +2 Xsi0)/4 











9.2 Features of the ®j 


(i) If we spontaneously break SO(10) by giving a vev to 33, the Xq bosons and all the (2, 2,6) bosons get 
mass. 


(ii) The 23 singlet of (1, 1, 15) can not be used in the Yukawa sector. It fails to produce Dirac mass terms for 
fermions. 


(iii) In contrast to the Higgs scalar that spontaneously break the electroweak gauge symmetry, the ®,, Higgs 
scalar has no quantum numbers. It has no electric charge, neither left- nor right-isospin, it has no B — L 
number and no spin etc. It can acquire only mass. There by it has a very classical nature. 
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10. THE HIGGS MULTIPLETS: THE (16)-REPRESENTATION 


10.1 The Structure 


We had previously decomposed the spinors V;, and Wp with respect to SU(3)c¢ x U(1)g and also with respect 
to SU(3)c x SU(2)r x U(1)y in § [4.3.1] It was pointed out there that the existence of electrically neutral and 
colorless fermion singlets make the 16’s ie., Uz and Wp eligible for the Higgs mechanism. These electrically 
neutral and colorless fermion singlets are indeed neutrino states given in eq. (4.19) and (4.20). In the following, 
we concentrate on using the 16 for representing Higgs fields. The approach is to assign complex scalar fields to 
the YW; and Wp spinors. Since the Higgs scalar have no spin, the subscripts L and R which denote chirality of 
the spinors should be interpreted differently. Let us use + and — instead of L and R respectively. Also we use 
the letters 6, and d_ instead of UV, and the U_. As a matter of fact the ¢, and the ¢_ Higgs representation are 
understood to transform under the %, and %_ representations respectively. These are projections of the complete 
SO(10) representation : 




















1 1 
ae = 3 (_+ T five) yy o4 = 5 (1+ T five) p (10.1) 














If T'yive in eq. (2.15) for a particular basis assumes the special form in eq. (2.16), then the complete SO(10) 
representation and ¢ can be expressed as 


e-[ St] a= [0 2] 0a 


This actually happens for basis C' and B. Let us assign 32 scalar field ¢; with i = (1,...,32) to the 32 dimensional 
og. Then we obtain 
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= (¢1 + i ¢2)/V2 = 
= ($3 +i ba)/V2 oS 
$2 = (de +ide/VE 951 = 
= (¢7 tidgs)/V2 


9 +i d10)/V2 
bu +i i2)/ 
bis +t p14)/ 
bis +t p16)/ 


= 
= 

10.4 
ay (10.4) 
aa 


Secure 
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= (¢17 +i bis)/V2 pz 7!? = (dos + ibo6)/V2 
= (b19 +1 b20)/V2 gy, 78 = = (b27 +1 dag) /V2 (10.5) 
= (b21 + i b22)/V2 on ($29 + i b30)/V2 

= ( 


= (623 + i baa) /V2 31 +1$32)/v2 


Note that #4 contains the above 16 fields, ¢_ contains the charge conjugated fields. i.e., 16. The various charges 
carried by these 32 fields are shown in the superscripts as well as in the subscripts. The superscripts denote electric- 
charges, subscripts denote S'U(3)-color. The isospin charges are suppressed. However the fields denoted with y 
carry only right isospin and the fields denoted with carry only left isospin. Note that all these Higgs fields carry 
B-— L numbers. The fields in ¢_ appear in a different order than those in ¢,. Actually they are related over the 
C and P transformations. We have 





+ | - | 
Po=¢op=P = 10.6 
bade? | Tile | 25 (10.6) 
Here ¢p should transform under the P transformed representation given in eq. (4.24). Under charge conjugation 
we have 
oy | | Ag | 
d=do-0| $ |=| 4 (10.7) 




















where A is given in eq.(4.23) and ¢c should transform under the conjugated representation given in eq.(4.21). 
Furthermore the decomposition of the 32 dimensional Higgs multiplet is given in § 10.7 











10.2. The Primary Descent 





Looking at the decomposition of the 32 dimensional Higgs multiplet in § [10.7, we see that there are no singlet 
fields in the second row. Therefore the SU(4) x SU(2)r x SU(2)r symmetry can not be spontaneously broken 
down to SU(3) x SU(2)r, x SU(2)r x U(1)p_1 Viaa Higgs scalar in the 32. In the third row there are the (1, 1), 
and (1, 1), singlet Higgs fields. These singlets correspond to y® and its charge conjugate ¢° respectively. They 
carry zero hypercharge and are SU(3). x U(1)g singlets. These can be employed in the following two descents 


(i) SU(8)¢x SU(2)z x SU(2)Rx U(p_, — SU(3).x SU(2)z x U()y 
(it) SU(3)c x SU(2)r x U(1)y = SU(3)c x U(1)a 


where the first one will be called the primary descent. Because it spontaneously breaks the left-right symmetric 
symmetry down to the electroweak gauge symmetry. If all scalar fields are set to zero and y° is given a vev, the 
resulting @’°° expression will have two non zero entries. We have 


— 
* 


vac __ 


le ; gone = ; vac => | o" | (10.8) 


pene 


oqoocooocoocoeoccooco 


SceooCcC OC OC COC COO Coo 


°) 


Let us define (y°) = vp exp(—i Op). We will refer to these two multiplets as 16’, and 16/_ respectively. The 
residual symmetries under which the vacuum is left invariant can be found through infinitesimal transformations. 


© 
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These are manifest through the following set of operations. 


7 gee = $= 21.512) 
" ie . ; Gbee 20 i= (13,...,24) 
Lapis = U; vac = i= (1,...,8) 
i Ue Brae. 20 i= (9,...,15) (10.9) 
Ro dvac # 0 (R3 + (B _ L)/2) vac — (Y/2) dvac =0 
He dvac # 0 (L3 a Y/2) Pvac = Q Pvac =0 


Since the amount of breaking in R3 and Ug__y are opposite in sign and equal in strength, the hypercharge remains 
a residual symmetry of the vacuum. 


10.3 The Secondary Descent 





Looking at the decomposition of the 32 dimensional Higgs multiplet in §|10.7, we see that each of the (1,2) _, 
and (1,2), multiplets in the second line decompose under SU(3) x U(1)qg into singlets. These colorless and 
electrically neutral fields are 9° and its charge conjugate 0° respectively. These can be employed in the following 
two descents. We have 


(i) SU(3)e x SU(2)z x SU(2)R x U(1I)p_t — SU(3)c x SU(2)R x Uy 
(ii) SU(3)_ x SU(2), x U()y > SU(3)e x Ug 


The second one will be called the secondary descent. It is complementary to the primary descent. They can be used 
together. Meanwhile the secondary descent above is formally similar to the spontaneous breakdown implemented 
in the electroweak theory where the Higgs fields is assigned to a spinor, strictly speaking a doublet. If all fields are 
set to zero and ¥ is assigned a vev, we obtain 


0 0 

0 0 

0 0 

(3°) 0 

0 0 

0 0 

0 0 
vac 0 vac 0 lie 
ae 0 ’ - 0 ’ Qvac —_ | goa | (10.10) 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 — (9°\* 


Let us define (J°) = vz exp (—i 6,,). We will refer to these two multiplets as 16’, and 16”. The residual symme- 
tries under which the vacuum is left invariant can be obtained through the following operations 


Ly dias £0 Si dvac =0 i = (4,5,6, 10, 11, 12, 16, 17, 18, 22, 23, 24) 
Le bias £0 Si dvac #0 i = (1,2,3, 7,8, 9, 13, 14, 15, 19, 20, 21) 

L3 dvac # 0 U; dvac = t= (1, thas ,8) 

Ri vac = U; vac x 0 t= (9, hey 15) 

Ro vac = Y vac x 0 

R3 vac = (L3 ate Y/2) dvac = Q dvac =0 


(10.11) 
In the last expression it is seen that the amount of breaking in D3 and in Y add up to zero so that U(1)g remains a 
residual symmetry of the vacuum. 


10.4 Left-Right Asymmetry 


We know that the SU(3) x U(1)g gauge symmetry is preceded by the electroweak gauge symmetry as we approach 
the Fermi mass scale. Therefore the primary descent should take place at some energy scale which lies above the 
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mass scale of the secondary descent provided that we restrict ourself to use both (y°) and (7°) in a spontaneous 
symmetry breakdown. We should have (°) > (¥°). This hierarchy gives rise to the following pattern: 


SU(3) x SU(2)z x SU(2)r x U(a—1 4 8U(3) x SU()z x UA)y 2 sua) xUQe (10.12) 


If we reverse this inequality such that (y°) < (0°) then things change and we encounter a different pattern: 


SU(3) x SU(2)z x SU(2)r x U(p_1 2 SU(3) x SUQ)R x Uy: £3 SUB) x UA)g (10.13) 


This latter pattern is symmetric to the former under parity transformation. According to the above descents where 
the initial symmetry is common, a left-right symmetric intermediate vacuum could have been possible if the initial 
symmetry were not spontaneously broken at all, or it could have been possible if the initial symmetry were spon- 
taneously broken with equal strengths of the two vevs such that (y°) = (J°). In both cases we would not observe 
an intermediate electroweak gauge symmetry at all. The current phenomenology restricts us to the condition that 
(y°) < (8°). The above situation is not special to the patterns that are brought about by the two 16’s. It also 
occurs when we consider the (1,3, 10) @ (3, 1, 10) Higgs fields in § 7.1) As a result, in the realm of SO(10) one 
should consider a primary descent which is considerably elevated with respect to the secondary descent. 





10.5 Features of the 16’ and 16” 


Here we shortly consider how the 16’ in eq. (10.8) and the 16” in eq. (10.10) behave in the Higgs mechanism and 
in the Yukawa sector. 








(i) The 16’ gives mass to the Aq, A’, Xa, We, We, Wr, Xp gauge fields. The 16” gives mass to the Yq, 
Ag, Xo, Wit, W?, W,, Xp-x gauge fields. 


(it) Since the 16’ and 16” are no square matrices, the possible mass terms that can be constructed for fermions, 
have mass dimensions greater than 4. This spoils renormalisibility. Dimension 5 terms which produce Dirac 
masses for all fermions can be obtained through terms like 





((16.)' (16%)) (Bir) + ((p°)* W°)* + (eM) Fe Fe (10.14) 














where either the (+—) or (—+) pairs should be considered. These vertices are shown in Fig. (10.1). At the vertices 
two Higgs scalars carry the correct quantum charges away. Other Dirac mass terms only for neutrinos can obtained 
through terms like 








((16%)" (Wz) ((16%)* (Hn) + (YY (0°)* DEER +(e") (0) CF HR)” (10.15) 


Majorana mass terms for neutrinos are also possible with the following two terms 





((16',)" (Wz) ((16L)' (a) + (9) Cn or (10.16) 


((164)" (Wz)) ((162)' (Hn) > (0°90) Tr (o1)° (10.17) 


Note that the primary descent produces Majorana mass terms for vp. The secondary descent produces Majorana 
masses for zy. These vertices are also shown in Fig. (10.1). 





fr yo UR vo UR p 


fi po UL oo uy ¢ 


Fig. 10.1: Mass terms for fermions produced via Higgs scalars in the 16’s. The first one produces Dirac mass 
terms for all fermions and the latter two produce Majorana mass terms for neutrinos. 
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10.6 Lepton and Quark Masses via the 16 


The neutrinos may have simultaneously Dirac and Majorana masses. The charged leptons and quarks can have 
only dirac masses. Using the Higgs multiplets 164. and 16/1, which were defined in § 10.2)and §[10.3|respectively, 
we can rewrite the above dimension five mass terms for neutrinos and as well as for charged leptons and quarks in 
a nicer way. Let us introduce two Higgs fields ¢; and ¢@2. We have 


16’ 16" 
i = ( 16! ) $2 = ( 16” ) (10.18) 


These Higgs fields can be used to generate the mass terms in eqs. (10.14) to (10.17). The appropriate Yukawa 
Lagrangian reads 















































Die _ = -_ > aa > a Spa 
by = 2 {G,o0) (Gi) + Ger) Hs) + (lB) (04 w,) + hw) (al w)} 
(10.19) 
ite {v5(a vi) (0! W;) +Y,¥ (0) vi) (o} »)} 
where ¢, = oLP for k = 1,2. In our representation P is like yo in the Dirac-Pauli representation. Y, ; Y¥ and 


Y2 are Yukawa couplings. The summation is done over i, 7 = (1, 2,3), which denotes the family space. The first 
two terms in Ly generate Dirac masses not only for neutrinos but also for the remaining fermions. It is useful to 
define the following neutrino fields 

eteny — ele (viye _ (Oh: gz _ ele GE _ (GDH 


f= VJ = UL ) fi V2 = UL 


— 








ee et nyt, — et OR (pi,)¢ = (Ovi Re et Onyt, — ef OR (yi.)e 7 (ot) W; 


V2 UR = J2 a UR 








Here F; and f; carry flavor index 7 = (1, 2,3) running over all neutrino species. Theses neutrino fields will serve 
as an eigenbasis for writing the neutrino mass matrix. The eigenbasis has the property that F = F° and f = f°. 
The phase exp i @, and exp? 6p in f and F are originating from the vevs. The Dirac and Majorana mass terms for 
neutrinos resulting from Ly can be collected into a separate Lagrangian LY, through a mass matrix by means of 
the formerly defined quantities F' and f. The terms in the upper line in Ly can be brought to the same form with 
the first term in the lower line if we set 0, + 0g = 7. This simplifies the Lagrangian. We get 


25 yD 
; - Mi Mi fi a t 
W=[f Fi] =[fi Ala 2 | (10.20) 
MP ME F; : 


Here MP 


a Mi and Mi are 3 x 3 matrices in the flavor space and are explicitly defined as 


7D D T L 2 R 2 
MP =Y¥,? vrun, ME=YP vi, ME=YF vb (10.21) 
Diagonalizing the mass matrix yields the masses of vz, and yz. Without adapting any particular texture for the 
Yukawa couplings, the neutrino masses are uniformly predicted as 


m,, =0 , Exactly zero 


2 _.,,2 2 
Mop = UL + UR 


(10.22) 


where we have suppressed over flavor indices and assumed the matrices MP ; Mi and Mf to be scalar entries. 


The couplings are chosen to satisfy the condition Y2 = Yip = ¥? = 1. The values for (v) and (y) depend on 
the model. 
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10.7 Decomposition of the 16 @ 16 


We proceed with the decomposition of the 32 complex scalar fields under SU(4) x SU(2)r x SU(2)r, SU(3)x 
SU(2)r x SU(2)r x U(1)p_1 and SU(3) x SU(2), x U(1)y respectively. We have 














32 = (4, 2, 1) = (4, 1, 2) T (4, 1, 2) ly (4, 2, 1) 
32. = (3,2, Laas + (1,2, 1)_y + (3,1,2)_1/5 + (1.12); + (3,1,2)4473 ui 
a4) on 3, ,1 = ae 1, ,1 
= ays (12,1), (10.23) 
32 = (3,2)i73 TT (1,2)_, ¥ (3, L)o/3 a (3, 1)_4/3 2 (1,1), alt 
(1, Io ory stays + (3,1) 973 + Oo te MUL — 
(3, 2)_173 Tv (1,2), 
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11. AN SO(10) MODEL 


11.1 Its Higgs Lagrangian 


In this section, we will construct a suitable Higgs Lagrangian whose potential part should consist of those Higgs 
multiplets which are physically most relevant. These Higgs multiplets are summarized in Table (11.1). The same 
multiplets are also shown in Fig. (11.1) where we have clearly demonstrated how these multiplets relate certain 
descents in the Higgs mechanism. 

Why do we need especially these multiplets ? And why are some other multiplets excluded ? Let us try 
to answer these questions: (i) Naturally we expect that the SO(10) or the SU(4) x SU(2)r x SU(2)r gauge 
symmetry can only exist at some extremely high energy scale, high in comparison to the Fermi scale and the known 
Fermion masses. If we were to break solely the SO(10) or the SU(4) x SU(2), x SU(2)r gauge symmetry with 
one of the multiplets in the 10 or in the 126 with some vacuum expectation value at the order of this extremely 
high scale then the fermions would also receive masses at this order. This is obviously in contradiction with 
our observations of the known fermion masses. (i2) The gauge bosons which lie in the coset of SO(10) and 
SU(4) x SU(2)r x SU(2)R should be extremely massive, otherwise this would again be in contradiction with 
the observation of the extremely long life time of the proton. Therefore from (i) and (77) it is easy to conclude 
that we need some multiplet which can endow the Ay, A’,, Ya, Yj and Xq gauge bosons with masses but leaves 
simultaneously the fermions massless. This is easily met by the inclusion of the (1,1,15) of the 45 into the 
Higgs potential. Note that the (1,1, 1) singlet of the 210 can also meet the same requirement with the exception 
that it leaves the X, bosons massless. Nevertheless the inclusion of the (1,1, 1) singlet of the 210 in the Higgs 
mechanism might not be dangerous. Remember that the X,,’s can not mediate nucleon decays alone. Therefore 
we will also include the (1,1,1) singlet of the 210 into the Higgs potential, in the hope that the inclusion of 
intermediate SU(4) x SU(2), x SU(2)p gauge symmetry in our model provides a better description of nature 
than its absence. We will come to this point again. 

The Yukawa sector and the Higgs sector are of course not independent, because the scalars which spontaneously 
break the symmetry of the vacuum can also couple to fermions and endow them with some masses. The multiplets 
that can be used to account for fermion masses are in the 10 and in the 126 Higgs representations. We will make full 
use of these scalars, allowing also Majorana masses for neutrinos via the (1,3, 10) and (3, 1, 10) scalars. Primarily 
there is nothing against this, and secondarily it is also reasonable due to the following facts: (iii) The right-handed 
neutrino is missing and if it exists at all, it should have some mass above the Fermi scale. (iv) The left-handed 
neutrinos, unlike the charged leptons and quarks, are almost massless, with masses extremely below the Fermi 
scale. (v) Remember that the SO(10) Higgs sector should also be able to account for the left-right asymmetry 
which was discussed before; We expect that the vacuum expectation value of (1,3,10) should be considerably 
elevated with respect to that of (3, 1, 10). The last three steps (i77), (iv) and (v) are intrinsically tied together. The 
nature of the neutrino masses as well as the left-right asymmetry are better understood if one lets the neutrinos 
acquire both Dirac and Majorana masses. This leads to mass matrices which produce neutrino masses similar to 
that given in eq. (10.22). 





























The Most Relevant Higgs Multiplets 


(1,1,4) (1,1, 15) (3,1, 10) | (1,3,10) | (2,2,15) (2, 2,1) 
jo 46 a Sop | Or | STF | Shy | Oly 
+ 36 Goldstone modes 


Tab. 11.1: The physically most relevant Higgs multiplets in SO(10) 
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Fig. 11.1: An illustration showing how the Higgs fields break the initial and intermediate symmetries. 


Another problem one has to account for are the degrees of freedom in the gauge sector. As seen from Ta- 





ble (11.1 











, we have introduced totally 36 Goldstone bosons. These are chosen out of the Higgs scalars of the 45 


and will receive no vacuum expectation value. In the spontaneous breakdown of the SO(10) symmetry down to 
SU(3). x U(1)g there exist exactly 45 — 8 — 1 = 36 gauge fields which become massive. It could be thought 
that these 36 gauge fields eat those 36 Goldstone bosons and gain an extra longitudinal degree of freedom. The 


initial symmetry of the vacuum even after spontaneous symmetry breakdown does not really get lost 





The 
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36 Goldstone bosons are chosen out of the 45 because at the minimum, it should be possible to parameterize the 
36 Goldstone fields via a unitary gauge as done in the electroweak theory. This is physically a consistent way of 


gauging away the unwanted Goldstone bosons 
In the following, we introduce some shorthand definitions for the Higgs fields in Table 
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the expressions entering the Higgs Lagrangian. We have 
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11.1 








which simplify 





1 1 2 2 3 3 4 4 5 5 6 6 
(1/2) (5, Pty + OF Poy + OF, Phy + OF Ty + OF PH + Or Pt 
11 poll 12 pAl2 
FOGR + Oy iy+ 
17 pxl7 18 pls 
+O) Py + Oy Py 








12 pl2 13 p13 
t Po9 Doo + Goo Foo 


+ Op F4o + 9,19; + & 


23 Th23 24 P24 
+ Ory Poy + O77 Pye 


14 pl4 
ale Po Poo+ 








3 
06 - 06 


00 7 


(11.1) 


i310 = (oF Lo;) /32, 


(11.2) 
15 Pld 15 Pld / 
®o015 = (3) ry) a OF Ti?) / 384 , 





5 5 5 5 
Bor = (OF, Pt, +O}, T);) /v32, 


The properties of these Higgs fields were previously studied in detail in §|8]/9, 7,and 6|respectively. The vacuum 
expectation values of the above given Higgs fields will be shown with ( ). They are chosen as 


























_ 8s 
(111) = ZT %Go , z=z (cosy + ising) 


_y pis 
(®45) =x Too , x= (cosv + isinv) 


(®3110) = Vi To ’ vi =vz (cosZ +i sin£Z) 

(11.3) 
(®1310) =VrR Tor ; vr =vR (cosy + isiny) 
(®2215) =uly}+v0y , u=u(cosd+isind) , v=v (cosé +isin@) 
(Gon) =k TS, + kt TS, , k=k (cosa + i sina) 


where {z,X,VL, VR, U, Vv, k} are complex valued quantities. The phases assigned to these vevs are defined as 
in the right hand side above. Let us construct the following potential terms by using the multiplets defined in 
eqs. (11.1) and (11.2): 

















Ui = -miTr{ O11}, } + 32 ArT r{(®i11 1, ,)?} + Gi (Tr{ 1 Bh }) 
Uss = —sTr{®45}5} + (96/7) AsTr{ (G45®45)?} + B5(Tr{ P45 ®}5})° 
Usin = —paT r{ ©3179) Bh, a} + NT r{ (311081, -)?} + Ba(Tr{ 31981, yh)? 


(11.4) 
Uisio = —MaT r{ P1310 1319} + AT r{(®1310® 1319)" } + Ba(Tr{P1310®|g10})” 





Unais = —UgTr{ P2215 Bho) 5} + (24/7) AsTr{(G2215Bbo15)?} + 63(Tr{ P2215 Bbo15})” 


Una1 = —H2T r{ 221 Bho, } + 32 A2T r{ (B221 Bh, )?} + Go(Tr{ B21 Bh, })? 


The labelling might seem to be extravagant. But a more economical notation could make things less traceable. The 
funny numbers appearing in front of the coupling strengths are introduced to simplify the resulting expressions. 
They can be reabsorbed after one finishes solving for the minima. Let us continue with the potential terms that can 
be build by crossing the Higgs fields. These are 


Uni = 32 pasTr{ O45®}50111 01} + NsTr{ 155} Tr{ P1811} 


Us = 32 tuaTr{ P3198), pPi Ph} - AuTr{ 3198), yh Tr{ P1118! 11} 


(11.5) 
Utit? = 32 wraT {1310 13:9 P 111 8} 11} + AAT {Pisi0 Pl sig} Tr{ Pi Ply, } 


UTE = 32 wisTr{ 2215 Pho15P111 O11} + Ars Tr { 2215 Poy 5 fT r{ Pi Ply, S 
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Util = 32 pa2T r{ 2218), 11181 1, } + Av2T r{H221 hy, FT {O11 Bf} 


a 
| 


Tt A54 
ty? = (32/3) psaT r{ P31 Pl, yp PasO 5} + SPs Ph w}Tr {Pas Bis} 





Ue” = (32/3) t5aTT{®1310P 1349845815} + AsaTr{®13108 13,9} Tr{ B15 615} 











U3 = (96/7) ps3 Tr{ P2215 P15 P45 }5} + AssT {P2215 Phy15}T7{ Bas Pj} 
U22! = 32 psoT r{B221 Bh, Bas Oi} + AsoT r{Go01 Oh, }Tr{ G15 815} 


U3tio = pasT r{F1310P {gio} TT{ P1108), io} (11.6) 


Ue = (8/3) pagTr{ P31 9B), P22 5Pho15} + MsTr{ P3198), py }Tr{ P2215 Pho15} 





Beer = (8/3) fa2T {P31 9 Ph, P22 Bho} + MeTr{319P 4, y}Tr{P221P)o;} 


Ui5I0 = (8/3) pag TT{®1310P 1319822 5®h,.5} ai MsTr{H1310P 15:9} Tr{ P2215 Pho) } 








UBi0 = (8/3) fa2T {P1310 P1319 P22 hi} + N2Tr{H1310P 349} Tr{ 221 Pho) } 





Ussis = 32 Us2T r{ P2215 P)9,5P221 Phy, } + AgeT r{ B2215 Phoy5 }T r{ B221 Pho) } 


In addition to the above the above crossed terms, the following terms are also possible. They have significant 
effects on the solution of the minimum. They are responsible for the left-right asymmetry in the vacuum which 
was previously discussed in § (10.4). We have 














ut => 32 Ky Tr{®} 221 B51 P2201} 


2215 __ t } (11.7) 
UER = (8/3) Ko Tr{ 1319 P2215 83, P2215} 











By definition the total potential Uy;,,; consists of the sum of all the U terms above in eqs. (11.4) to (11.7). The 
kinetic terms 'T 77s is defined as 





T Higgs = Tr |Du( 111 + G45 + O3izo + ©1310 + G2215 + 221 )P=Tr [Dy (Pai ) P (11.8) 


where D,, is the covariant gauge derivative. The gauge invariant kinetic term of the Higgs field is 


1 2 
Tr (Dy ®au)? =Tr (a. +4 g V2 [au, yu: w)) (11.9) 


Here ( )? = ( )( )t. And g is the single gauge coupling of SO(10). Also © - W is the gauge term given in 
eq. (4.1). The Higgs Lagrangian is composed of the the kinetic and the potential terms : 














Litiggs = T riggs _ Untiggs (11.10) 
In the following two sections, we will investigate the above potential and kinetic parts separately. The kinetic part 


will generate the masses for the gauge fields and the potential part will generate the masses of the Higgs fields 
upon spontaneous symmetry breakdown. 
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11.2 SSB of the Higgs Lagrangian: The Potential Part 


11.2.1 Minimizing the Higgs Potential 














We can substitute the vevs given in eq. (11.3) directly into the Higgs potential given in eq. (11.10) and minimize 
the total Higgs potential Ujiggs with respect tov; = {z,X,VL, VR, u,v, k}. To do so one needs the explicit 
expressions of the various I’’s appearing in eqs. (11.1) and (11.2). These were explicitly studied in sections on the 
Higgs multiplets and can be borrowed from there. The Higgs potential at the minimum is a very long expression 
and we will spare our self from presenting it explicitly. We get for OUpiggs/Ov:i = 0, the following set of equations 
































(7) 227 (Ax + 8i)-+ k? (12 + p12) + (u? + v7) (13 + 113) 
+ (vy? + vR?)(Ata + [14) + ax? (A415 + /115) — p14 =0 


(ii) 2a? (As + 85) + k? (Asa + ps2) + (u? + v*) (Ass + p53) 
+ (ur? + uR?)(Asa + ba) + 27(A15 + Has) — Ws = 0 





(iti) vR(e?**k?2 4 + 7 u? Ko) + DEF yr (k? (Aga + p42) 
+ (u? +07) Ags + 2? (Ata + pra) +2 uv? (Aa + Ba) 
— pla tp? pas + u? pag + 2? (Aza + Usa) ) = 0 


(iv) vr(e* kay + 7 7 Ko) + 2e(F+N up (k? (Aa2 + [a2) 
+ (u? +0?) Ags + ut? aa + 2 UR? (Aa + Ba) — Wa 


(11.11) 
+27 (Ait mia) tu? pag +2? (Asa t+ p54) ) = 0 








(v) UL UR Ky e 1Ft1 29) 49 (u? +0? ) Bs — ps 
+2u? A3 +27 (Aig + Mis) +k? ( Az2 + p32 ) 
+ (vr? + vr?) (Asg + 143) + 27(A53 + f53) = 0 





(vi) «?(As3 + 53) + (vn? + ur”) Aug + 27( Aaz + Has ) 
+ 2(u? + v7) Bs + k? (Ago + 32) + 207 Az — Ws = 0 


(vit) ei 2-B-%) ay UR Ky +2k? (Ao + Bo) + ( up? + UR? ) (Aa + faa ) 
+ (u? + v?)(Ag32 + 132) + a? (As2 + 1152) + 27 (Ao + 1112) — po =0 


These equations can be solved for the vevs in terms of the Higgs couplings. The easiest way is to divide equation 
(iii) and equation (iv) by 2e*8+ uz and 2e\°+”) up respectively. Then through adding and subtracting these 
resulting equations they can be solved among themselves for vz, and vp as below. We have 


1/2 
Aa t+ Ba 





ve + Un = [ pa _ (u? + v) Nag — 2? (Ara + p14) — 


k? (Asa + faz) — u? jug + 0? (Asa + psa) ] = 2 fi (11.12) 


ei (2a—B—7) f,2 ky te! (25—B—-7) 44,2 Ko ; 
UTU SS 55 5 
ae A ( G4+4) — 2 pas ta 


It is seen that the upper equation describes a circle and the lower equation a hyperbola on the plane with the axes 
vp and up. The solution corresponds to the geometric intersection of the two curves. In terms of the above defined 
variables f; and f2, we obtain 


vr=v2y Arty fio — fr > or = V24/ fi? — VV fi’ — fe? (11.13) 
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Furthermore, it is appropriate to eliminate vz and vp in the remaining 5 equations, ie., (4), (iz), (v), (vi) and 
(vii) above by using the expressions in eq. (11.13). Consequently, they become linear in the squares of the vevs. 
These 5 equations can be further solved for the remaining 5 vevs. Thereby f; and f2 are also determined in terms 
of the Higgs couplings. However the solutions for {z, x, u,v, k} will not be presented here since they are very 
long expressions. An interesting aspect of the above solution is that, if fs" # fo”, we end up with a left-right 
asymmetric vacuum amounting to vr 4 up. 

Yet another aspect of the potential part of the Higgs Lagrangian are the resulting Higgs masses. These can be 
found through substituting the terms v; + H; into the Higgs Potential at the minimum. Here H; = {H,, Hx, 
H,,, H.,, Hu, Hy, Hx} are the corresponding Higgs fields associated with the vev v;. The procedure requires 
to collect all second order terms like mi}; H,; H,; into a mass-squared matrix where mi}; are nothing but pre-factors 
made of the above vevs and the Higgs couplings defined in the Lagrangian. But unfortunately this mass-squared 
matrix, of size 7 x 7, has no zero entries and the evaluation of its mass eigenvalues turns out to become very 
exhaustive. From the other side, one should keep in mind that the coupling strengths in the Higgs Lagrangian 
are sofar unknown to us. Apart from the theoretical evaluation of the Higgs masses, their existence is currently 
speculative. Therefore, we do not go into the details of this calculation. More interesting is the kinetic part where 
the gauge boson masses are generated. An apparent advantage of the kinetic part is that the gauge couplings enter 
the mass-squared matrix instead of the Higgs couplings. 














11.3 SSB of the Higgs Lagrangian: The Kinetic Part 


11.3.1 Mass-squared Matrix of the Gauge Fields 











In this section, we will mainly consider the term given in eq. (11.9) in its full extent. This term entails the physically 
most meaningful part of the SO(10) model. We will be able to extract information about how the gauge bosons 
mix and what masses they receive through the spontaneous symmetry breakdown. The expressions, we arrive at, 
will depend on the vevs and the coupling strengths of the separate gauge interactions. During the evaluation of 
the commutator below, the single gauge coupling g of the gauge term should be moved inside it so that g can be 
replaced by the gauge couplings of the separate gauge interactions which were introduced previously in § (5.27). 
We have 

















l 2 
Tr | +ig— [© ,5-W)]) =FIMF (11.14) 
( g V2 [Pati !) 
Here the Higgs fields are collected as a linear sum in ®,,; as given in eq. (11.8). Consequently, ®”%” is the sum of 
the vevs in eq. (11.3). All the resulting terms arisings from the trace operation can be collected into a mass-squared 
matrix M where the gauge fields are placed into a column vector F’. We have 
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F=| “ (11.15) 
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This column vector has totally 22 entries. But if we count the charge conjugated gauge fields in F'' together, we 
get altogether 37 gauge fields. Note that 45 — 37 = 8, correspond to the 8 gluons. These remain massless and are 
absent in the expression for f’. The electromagnetic gauge field is not allowed to get any mass by construction. 
We expect that 37 — 1 = 36 gauge fields receive mass. Explicit evaluation of the term in eq. (11.14) yields the 
mass-squared Matrix !/. We have 
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where each dot denotes a zero entry. There are totally 16 independent non-zero entries in 1 shown with a; where 
i = (1,..., 16). These entries are composed as 














ay = g?(4u? + 2? + 3(v2 + v3, + 2”))/3 a9 = gpk? +.u? +07 + 4vpR)/4 

a = g°(3k? + 3u? + 3u? + 2a? + v2, +.627)/6 10 = JR_L (VE + UR) 

a3 = g? (3k? + 3u? + 3v? + 2x? + Gu? +627)/6 ary = 297/2/3e FOF) u(eH OTA y, + et* up) 
ag = g?(4u? + a? + 327)/3 Q12 = g?(—3e77**k? — Quve* 4-9) /g 

as = g?(4u? + 4v? + 4a? + 307 + 3u%)/3 13 = grgr(k2 et 2% — 2uvetiO-%) /4 

ag = gp (k* +u? + 0% + 2v7)/4 Qa = —gigr(k? +: u? +0?) /4 

a7 = gp (k* +u? + 0% + 407)/4 O15 = —9B-L9RU}, 

ag = gp(k? + u? +0? + 2vR)/4 a16 = —9B-LgRUR 


(11.16) 


The entries are exact expressions and no approximations were done. The couplings g,gz,gr and gp_y are as 
defined in § (5.27). However their numerical values are subject to renormalization which will be considered later 
in §(14] Note that a1, , a12 and a13 are complex valued. Therefore the following definitions for phases will be 
useful 

















a13 = |ais| eS 
n2 = |a12| e (11.17) 
ay = |an| eS 
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The explicit expressions for ¢), C2 and C3 are given in eqs. (11.26) and (11.27). For future reference, we additionally 
define some new combinations which read 








C29 = yf ((k? + u? + v?)(uz + UR) + 407 UR) (97, + IR)IB—1L + ILIR) 
Qa, = gf (k? + u? +? — 4v?)/4 (11.18) 
22 = ge (k? + u? + vu? — 402) /4 

These additional a’s will be useful in expressing the mass eigenvalues and mass eigenstates in an equivalent but 


drastically shorter form. As next, we will work out the mass eigenstates and mass eigenvalues of this mass-squared 
matrix VM. 


11.3.2 Gauge Bosons: Mixing and Masses 


Mass Eigenstates 


The mass matrix MM yields 22 eigenstates. But as we pointed out in the former section due to the Hermicity of 
M, these 22 eigenstates relate us to totally 37 eigenstates. Among them only one eigenstate turns out to have zero 
mass and should be identified as the gauge field of the residual U(1)g symmetry. We have exactly 


0 0 xX 
A=e(TE4 TH ek (11.19) 
JL IR 915 


Herein the photon appears as a mixture of the above electrically neutral gauge fields. The coupling e normalizes 
the electromagnetic gauge field A,, as shown in § (5.27). Three more eigenstates that follow from M are found as 





























Wy; =e as cos€,W; + sing; Wr 
(11.20) 





1 
Zi = W (1 We + G2Wp + 83 Xp_z) 


where the above mixing parameters £1, (3, 32 and (3 are composed of the gauge couplings and the vevs. The phase 
¢1 is composed only of the vevs and the phases that enter the vevs. Indeed the origin of ¢; are the phases in the 
vevs. The mixing parameters €1, (1, 32, 33 and the phase ¢; will be explicitly presented in eqs. (11.23), (11.24 
and (11.26). The electrically charged massive gauge fields Wy" are a mixture of W; and W;,. As will be shown 
later the phase ¢, is a source for CP violation. The neutral gauge field Z? is composed of the same gauge fields 
that enter A,,. But is a massive mass eigenstate. NV is introduced to normalize the mass eigenstate Z}. In addition 
to the Z) and the W;* gauge fields, we find 3 more similar mass eigenstates of M7. These are 




































































Ws = —e**% sin &; WF + cosé; We 
0 1 / 0 / 0 / (11.21) 
42 = Fi (3, Wr + 6Wr + 3 Xp_z) 


























where the mixing angle €; appears again, but mixes the W; and W , fields differently: The W[ and W3° mass 
eigenstates are orthonormal to each other. Z9 mixes through the parameters 3), (34 and 4. N’' is introduced to 
normalize the mass eigenstate 79. These are again composed of the gauge couplings and the vevs. The mixing 
parameters (3;,, 34 and (3 will be explicitly presented in eq. (11.25). The remaining massive mass eigenstates are 
collectively found as 





=, ar 3 2s 
W3= Y, :no mixing 


Wa=  e'? cosfa Ya +sin€y A), 
Ws = —e’% sing Ya + cosy A’, (11.22) 


We =e’ cosé3 Ay + sinés Xq 
W, = —e'? sin €3 Ay + cos £3 Xo 
Here the gauge fields Y/, do not undergo any mixing. This is not an accident. The electric charge of Y’ doesn’t 


match with any other of the available gauge fields. We formally denote these Y/, gauge fields with W3. It should 
be kept in mind that W3 comes in three different colors and is electrically charged. The W3 mass eigenstates form 
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a color triplet with degenerate mass. We see that Y, and A’, mix through the parameter € into two different mass 
eigenstates where £9 is given in eq. (11.23). These are shown with W4 and Ws; and have different masses. Both 
W, and Ws are electrically charged color triplets. The masses within the color triplets are degenerate. Finally, as 
was mentioned in §|5.2|the X. lepto-quark gauge fields mix with A,’s through the parameter £3 into two different 
mass eigenstates with different masses where &3 is given in eq. (11.23). Here again the We and W7 gauge fields 
are electrically charged color triplets and the masses within the color triplets are degenerate. 

Although we haven’t presented the explicit expressions for the masses of the above gauge fields yet, it might 
be useful to mention qualitatively some remarkable points: 

The massive gauge fields (W;", Z?) and (W3", Z2) should be separated by a sizeable mass gap. It would 
be phenomenologically consistent to expect such a gap because either the former or the latter ’triplet’” should 
correspond to the observed gauge fields (W~, Z) of the electroweak theory. Actually it is the mixing angle £, 
which is determinant in this identification. For the above type of mixing among Wz, and W there will be stringent 
bounds on ; [44]. If cos & is relatively bigger than sin £1, the field W;- will be the dominant component in W;". 
This dominance could allow us to relate (W;", Z?) with (W~*, Z). If it turns out to be the opposite case then 
(W, Z9) should be identified as the (W*, Z). Of course in both cases, it should be investigated to what fraction 
WR enters the mixed mass eigenstates and whether this fraction could be tolerated by the current experimental 
errors concerning processes involving charged currents [72][73][74][75][76]. From the other side there will be 
also bounds on the heavier neutral boson Z$ (or Z?) which come from precision experiments on neutral-current 
processes [40][42][41][43]. Such issues are awaiting us and will be considered in §[15] We find it sufficient to 
having presented here the mass eigenstates of (/ and their properties. 





























































































































Mixing Parameters 


The explicit expressions for the the mixing parameters and phases which we introduced in the preceding section 
will be presented here. We have 





1 
27) —2 
. ag — Ag+ (a6 — ag)” +4 lays]? 
& = arcsin } 1 |§ —AMAR@oaRo 
2 la13| 
2 2 3 2 
a2 — a3 + (a2 — a3) +4 lar| 
€) = aresin | 1 {| ———— 2 (11.23) 
2 lar2| 
2 2 : 3 
. a5 — a1, + 4/ (a5 — a1)” + 4 Jar| 
€3 = arcsin | 1 + 
2 lor1| 


where | | denotes the absolute value. The mixing parameters entering the electrically neutral mass eigenstate Z? 
are 


L 
B = a (or + Q21 — 10) = (a7 + ag + ato)? _ 03s| 
(91015 + graie) 


== _ = — 2 2 (11.24) 
eo 7 (gLrQ15 + graie) (as + O22 10) (a7 + Q9g + 10) 035| 
B3=1 
where the appropriate normalization factor VV is defined as V = B? + 2 rs BR. Ths yiatines aa; Woecnll 





Q29 appearing above are defined as in eq. (11.18). The mixing parameters entering the electrically neutral mass 
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eigenstate Z9 are 


L 
Bi — I (or + agi — Q10) + (a7 +ag+ aio)” _ 03s | 
(9015 + graie) 
5- tt _. = 2. 2 (11.25) 
pa (gris + gRraie) (as + a2 — a10) + y/ (a7 + a9 + a0) 035| 


63 =1 


Here the appropriate normalization factor \V’ is defined as N’ = ,/ (3’ + 3" ; + . The C'P violating phase ¢) 


which appears in Wy" and also in W> is composed of the vevs and the phases of the vevs. We have 








(11.26) 


¢ nee | k? sin(2a) — 2uv sin(5 — 0) 
1=- 


k? cos(2. a) — 2uv cos(d — 0) 


There are two more phases of interest, namely ¢2 and ¢3. These appeared in the mass eigenstates W4, Ws and Wg, 
W7 respectively. The explicit expressions of these phases are 


fe eit |; k? sin(2a) + 2uv sin(d — 2 | 
Pa = 


3k? cos(2a@) +2uv cos(d — 6) 
(11.27) 


¢3 = arctan oa es 


vz cos(d — 3) + ur cos(y — 4) 














Estimated values of the above parameters will be given in § (15). 





Mass Eigenvalues 


In this section, we present the explicit expressions of the mass eigenvalues of the mass eigenstates of 1/7. Note that 
no approximations are done. To avoid lengthy expressions, the mass eigenvalues are given in terms of the a’s in 
eqs. (11.16) and (11.18). The photon has zero mass 




















Ms =0 (11.28) 


In the rest of this section, the squares of the masses will be given. This simplifies the appearance of the expressions. 
The squared masses of W;" and Z are respectively 














1 
(My)? = 5 (ac + ag) (ag — as)” 4 1o%s| 
(11.29) 
1 
(M3, )° =35 (ar + ag + Q10) (a7 + a9 4 aio)” 035| 


During the numerical evaluation of the above masses, it is appropriate to factor g7, out and leave in the expression 
the other gauge couplings as fractions of gz, like gr/gz or gis/gx. These ratios are nothing but the normalization 
constants given in eq. (5.26). Indeed these are subject to some renormalization procedure which will be studied in 
§[14| The squared masses of W5" and Z are respectively 
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(My)? ; (ac + ag) + 4/ (a6 — ag)” + 10%,| 


(11.30) 





(Mz,)° — (or + ag + aio) 4 (a7 + a9 4 ag)? 03, | 





It is remarkable to see how the +,/.. in the above expressions alternates and produces one heavy and one low 








massive state each time. Consequently there occurs a mass gap between (W3", Z9) and (W;", Z?). The squared 
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masses of the mass eigenstates in eq. (11.22) are respectively 




















(Mw)? = a4 

(Mw,)? = 5 [(02 +3) ~ yaa ~ a)? +4 lana? | ah 
(Mws)? = 5 c + a3) + (a2 — 03)? +4 laws | 

(Me)? = 5 [faa +05) = ler = a5)? +4 Jan? | 

(My,)? = ; G + as) +4/ (0, — a5)? +4 jan? | as 





Similarly due to the +,/-~~ in the last four expressions above, it is seen that My, and My, are separated by a 
mass gap. The same also occurs for My, and My,. 

Numerical estimates of the above masses and as well as the mass gaps and the values of the mixing parameters 
and phases can only be studied once we know the vevs and the values of the coupling strengths at all mass scales, 
because the evaluation of the mentioned quantities requires these as an input. But unfortunately we don’t have 
precise knowledge about all the input values: 

Note that the Higgs couplings are unknown. Therefore it was not possible to find the values of the vevs from 
the minimum of the Higgs Potential. Quite similarly the various gauge couplings that are not contained in the 
electroweak theory like gr and gg_y are also unknown. Nevertheless there are still some techniques that we can 
use: One possibility is to fit the values of the vevs and the values of the gauge couplings, in that we make use of the 
experimentally verified parameters of the electroweak theory like the known masses of the W~ and the Z bosons 
and the values of the 3 known coupling strengths at the electroweak mass scale, namely the Fermi scale. Another 
possibility is to make use of the fact that the various couplings strengths satisfy gauge coupling unification at the 
unification mass scale. 

In this respect certain relations among the parameters of the SO(10) theory and the parameters of the elec- 
troweak theory will serve as a bridge to estimate the unknown parameters as far as possible. Estimated values of 
the above masses will be given in §[15] 
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12. THE YUKAWA SECTOR: QUARK AND LEPTON MASSES 


12.1 Quark and Charged Lepton Masses via 126 and 10 


In this section, we will construct a suitable Yukawa Lagrangian. For the generation of fermion masses, we should 
consider again those Higgs fields which entered the Higgs Lagrangian. These where collected in the expression 
of ®,7 in eq. (11.8). But note that the Higgs multiplets defined through ®11; and through ®45 in eq. (11.1) can 
not produce any fermion masses. Among the Higgs fields collected in ®g1, only ®3;79 , ®1310 , ®2215 and ®221 
can be used in the Yukawa Lagrangian. To shorten expressions, it is useful to collect the Higgs fields that enter the 
Yukawa Lagrangian under a single expressions. We define 


























Oy = O31 + Pisin + Panis + Boor (12.1) 
Using this definition for ®y the suitable Yukawa Lagrangian Ly can be written down. We have 
Ly =Yi (Vi Oy U;) + he. (12.2) 


Here Y;,; is by definition the Yukawa coupling. It carries family indices where 7, 7 = (1, 2,3) and W; is the family 
spinor transforming under the SO(10) representation. Note that there is summation of the family space in Ly. We 
will assume that all 3 families couple to each other with equal strengths. This leads to the well known form 


111 
Yy==] 111 (12.3) 
111 











where 1/3 is an appropriate normalization constant [77]. Note that the entries are just uniformly filled with 1. At 
this stage, we should also ask whether the isospin up fermions, the isospin down fermions, the charged leptons and 
the neutral leptons couple to each other all with the same strength ? If this is not the case then we should introduce 





new Yukawa couplings like yer =, ve m ye and Yi which are again uniform with respect to family indices but 
are distinguished with respect to electric charge as indicated in the superscripts. Note that, being up or down in 
the isospin space manifests itself also through electric charge. But we will disregard all these possibilities for the 
moment. It would be worth considering it first provided that our assumption of uniformity fails to reproduce the 
fermion masses of the heaviest generation successfully. Using the definitions of the vevs in eq. (11.3), we arrive 
at (Py). Let us substitute (Py) in Ly above. Since the fermions become massive one should consider the mass 
eigenstates rather than the flavor eigenstates. From the other side only the fermions with equal charge can undergo 
mixing. Therefore all 3 flavors of say, the up fermions should be collected in a 3 by 3 matrix. Similarly this should 
also be done for the down fermions, the charged leptons and the neutral leptons where the last one needs special 
attention since there will also appear Majorana masses for neutral leptons. The mass terms for neutrinos will be 
separately considered in § (12.2). Since the Yukawa couplings were uniform, so the entries of these 3 by 3 mass 
matrices for the up fermions, the down fermions and the charged leptons will also be uniform. That means two 
of the mass eigenvalues will always be zero and only one eigenstate becomes massive. These fermions can be 
identified as the heaviest fermion generation, namely the third generation. Since the vevs have phases, the quarks 
will have phases too. We have 
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my, = me's? , m, =m,e'% 


Here D indicates Dirac masses of neutrinos and the various phases of quarks are shown with ¢ as above. m;, and 
mp are the top and bottom quark masses respectively. mp and m, are the tau-neutrino and tau masses respectively. 
We have 
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The mass of the leptons are 
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where in the first line the Dirac mass term of the tau-neutrino is given. The final expression of the mass of the tau- 
neutrino will be obtained in conjunction with the Majorana mass terms that result together from Ly in eq. (12.2). 
As seen in the above expressions, all the fermions in the third generation receive mass via the 10 through the vev 
k;. In contrast, the vev u contributes only to the up fermion and the vevs v contributes only to the down fermion 
masses. This can naturally induce an asymmetry between the down and up fermion masses. Note also that the 
phases 6 and 6 appear in the up- and down-fermions mass terms respectively which can reinforce this asymmetry 
further. Another remarkable point is that the vev of k and u or similarly & and v are interfering. 

Direct evaluation of the above mass terms requires inescapably the values of the vevs and the phases. This will 
be first achieved in § [15] 





12.2 Neutral Lepton Masses via 126 and 10 





Let us continue with the Dirac and Majorana mass terms of neutral leptons that result from Ly in eq. (12.2). The 
Dirac mass of the tau-neutrino was independently given as in eq. (12.6). Similarly the Majorana mass terms for 
the tau-neutrinos read 
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ee (12.7) 
ee = URE 


where the superscript / denotes Majorana mass term and L, R denote handedness. Now we will treat these terms 
together. The Dirac and Majorana mass terms of the neutrinos resulting from Ly can be arranged into a 2 by 2 
matrix where each entry has a 3 by 3 flavor subspace [78][10], if we collect all these neutrino mass terms under 
the expression LY-. We have 
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Here M is the neutrino mass matrix. The fermion states f and F' are the Majorana-neutrino flavor-eigenbasis. 
They are defined as 
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ee ee (12.9) 
F;= eve t et PuR) og _ etn + (Up)? 


v2 v2 


Here i, j = (1, 2,3). The phases in f and F are identified as @ and y respectively. These originate from the vevs 
in eq. (11.3). Note also that f° = f and f° = F’. By means of the above eigenbasis, the 3 by 3 mass matrices in 
M read 
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It can be easily checked that the Majorana mass terms in eq. (12.7) are generated through the product f; fi My, 
and F; F; Mii respectively. The Dirac mass terms of the neutrinos are generated through F; f; Mz or fF 5 My ; 
These two terms should correctly yield the Dirac mass term in eq. (12.6). Consequently the phases (3 and + should 
satisfy some relation for consistency. We have e“(9-7)/? = 1. The C’P violating phase ¢, in eq. (11.26) does not 
become trivial through this condition. Assume 3 — y = 27 n where n is an integer number, then tan ¢3 = — cot 3 
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provided that vz # vp. If we diagonalize M, 4 mass eigenstates will have zero masses because of the uniform 
entries in Y;;. The remaining two mass eigenstates, which should be identified as the mass eigenstates of the 
tau-neutrino of the third generation, have non-zero masses. These masses are 


t UR — we k2 4+ 12u24+8(v, — vr)? +4V3ku cos(a — 6) 
(12.11) 


My, = UL +UR+ = k2 + 12u24+8(vz, — vr)? +4V3ku cos(a — 6) 
2/2 
Here m,,, and m,,, are the masses of the mass eigenstates v,, and v;, respectively. These are not pure in the 
Majorana flavor eigenbasis f; or F;, i.c., they have no pure handedness but are mixtures of f; and F;. The mixing 
can be stated over a mixing angle £4 and a phase C4 where the latter is again a possible source for CP violation [79]. 
The mass eigenstates for m,,, and my, read 


My,, =ULoA 




















Vr, = +e fg cos &4 + F3 sin €4 


(12.12) 
Vr = —e'4 fs sin &4 + F3 cos £4 
The phase ¢,4 which follows from M is found as 
k si 12 si 
re (emai a eS) (12.13) 
k cos(a) + uv 12 cos(d) 


Here we have used the letter ¢4. Because ¢; with 1 = (1, 2,3) are the phases that enter the expressions for mixing 
of gauge bosons which were already given in eqs. (11.26) and (11.27). Here the mixing parameter €, is a function 
of the vevs and their phases. We have 
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&4 = arcsin 


In the state of the art, we have left-handed neutrinos in nature which are treated in the framework of the electroweak 
theory. Recent findings tell us that these left-handed neutrinos have tiny masses [80][|81][/82][83]. On the other side 
the right-handed neutrinos have never been observed. The electroweak theory naturally excludes the existence of 
right-handed neutrinos. However we can not write down any Dirac mass term for the neutrinos in the framework of 
the electroweak theory which would lead right-handed neutrinos to have the same mass with left-handed neutrinos. 
This would be in conflict with the absence of light right-handed neutrinos. Obviously the electroweak theory has a 
shortcoming in the neutrino sector. 

In the SO(10) theory the above mass matrix M can generate unequal masses for left-handed and right-handed 
neutrinos. Consequently almost massless left-handed neutrinos and very massive right-handed neutrinos can co- 
exist in nature without conflicting the current status of experiments. 

Now in the light of our analysis, it would be consistent to identify v,, in eq. (12.12) with the heaviest observed 
left-handed neutrino which is the tau-neutrino. Consequently v,, in eq. (12.12) should then correspond to the 
hypothetical right-handed tau-neutrino. But nor v,, neither v,, has pure handedness which is revealed by the 
above mixing in eq. (12.12). Therefore we should expect that sin €4 equals almost zero in the above mixing so 
that v,, becomes almost a pure left-handed mass eigenstate and v,, becomes almost a pure right-handed mass 
eigenstate. As a result, the above described mixing would be physically acceptable only if sin 4 and m,,, are 
very small. The evaluation of sin 4 and m,,, will be postponed until we gain some accurate knowledge of the 
vevs in § 15|via a fitting procedure. 
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13. COUPLING OF THE GAUGE FIELDS TO FERMIONS 


13.1 Charged Currents (C'C) 























The ®21 and ®2215 Higgs fields given in eq. (11.3) gave rise to a complex mixing among the W; and Wp gauge 
fields. The resulting mixing was previously stated in eqs. (11.20) and (11.21). It was found that Wy" and W5" are 
corresponding to mass eigenstates with different masses as shown in eqs. (11.29) and (11.30). This mixing can be 
described through a rotation. We have 
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where €, is the mixing angle and ¢) is the phase originating from the vevs which can be traced back to the mass- 
squared matrix of the gauge fields in §[11.3) The phase is a source for spontaneous CP violation. On the other side 
Wy and W> correspond to the physical fields. Therefore we should rewrite the Lagrangian in eq. (5.18) which 
describes the interaction of fermions with the charged currents, in terms of the physical fields Wy and W-. We 
expect the original Lagrangian to assume the form given on the right hand side as below. This can be achieved 
through the inverse transformation in eq. (13.1). We have 


LOC = +i V2 (grJg- Wa + or Jp We) =+iV2(n JE Wi + 92 Jz - WH) (13.2) 































































































Herein gy, and gz are the coupling strengths of SU(2);, and SU(2)z respectively. Jj; and J; are the left-isospin 
and right-isospin charged currents respectively. By using the inverse transformation above, we obtain 


1 oe 
LOe = 44 = J fur, | (gr cosé: Vz Pr — gre sin£; Ve Pr) Wh 
J2 { Lu [( 1 1 ) 1 (13.3) 


+ (91 sin €; Vz Pr + gre’! cos€; Ve Pr) Ws] fat h.c.} 














Herein the charged isospin currents are projected through the projection operators Py and Pr into J; and Jp 
respectively where Pr rp = (145) /2. Also f,, and fg denote the up and down fermions. That means we have 
indeed two Lagrangians written in expression: one for the leptonic sector and one for the quark sector. Indeed 
the family spinor © in eq. (5.18) contains both quarks and leptons. Consequently we should do the replacements 
fu — wand fa — d for quarks, and we should do the replacements f,, — v and fg — e for leptons in LO”. On the 
other side the fermions should also correspond to the physical states and not the flavor states because they become 
massive through the spontaneous symmetry breakdown initiated through the same Higgs scalar. The mixing among 
the fermions for each sector is achieved through the Vz and Vr matrices which should be identified as the Ck M 
matrices in case of quarks [84][6][[85]. The Vz and Vr matrices should be identified as the Maki-Nagawaka-Sakata 
(MNS) matrices in case of leptons [86][87][88][89]. Note that the mixing among left- and right-handed fermions 
might be different therefore we have Vz, and also Vr. 






























































13.2. Neutral Currents (NC) 





The ®921, ®2215, 1310 and ®3 1 4 Higgs fields given in eq. (11.3) gave rise to a mixing among the Wwe, we 
and Xp_y, gauge fields. The resulting mixing was previously stated in eqs. (11.19), (11.21) and (11.20). It 
was found that Z; and Z2 are corresponding to mass eigenstates with different masses as shown in eqs. (11.29 
and (11.30). And A,, was the massless electromagnetic gauge field. This mixing can be described through the 
following transformation. We have 
























































A a oe ae |f We 
A/=|% 2 % we (13.4) 














where 3), 32, G3 and (4, 34, 04 are the mixing parameters which are explicitly given in eqs. (11.24) and (11.25). 
Furthermore gr, gr and gp__z are the coupling strengths of the SU(2),, SU(2) x and U(1)p_1 gauge interactions 
respectively and e, NV and V’ are normalization constants where the former is the coupling strength of U(1)g. The 
interaction of the fermions with the neutral currents Jg_z, J? and de in SO(10) were given in the Lagrangians 
in eqs. (5.8) and (5.18). These terms can be collected in a Lagrangian as below. We have 
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=+i(eJgAt+nJz, 41+ g2 Iz, 22) 


It is appropriate to express this Lagrangian in terms of the physical fields A, Z; and Z2 as described in the second 
line above. Using the inverse transformation in eq. (13.4), we should obtain 
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+ ife (F% Qs f) AM + |? 5 (cf - chs) f Zi + Fe 5 (ct. = chs) s VAs + ho} 
(13.6) 


where f are the fermions. i.e., quarks and leptons. @y is the electric charge of the fermion f. The first term 
in £ is identified as the electromagnetic interaction Lagrangian £°™. The second and the third terms in £ are 
identified as the neutral current interaction Lagrangian £“© and are written in a compact form: We introduced 
two pairs of vector and axial-vector couplings (e.. cf.) and (oi Gy) which are composed of the elements of the 
transformation matrix in eq. (13.4). The vector and axial-vector couplings depend on the vevs and the coupling 
strengths which can be traced back to the mass-squared matrix of the gauge fields in § [11.3] The vector and 
axial-vector couplings will also depend on the (B — L), L3 and R3 quantum numbers of the fermions f. We will 
give the expressions for the vector and axial-vector couplings of SO(10) and their values in §[15.3! In the above 
Lagrangian, it is appropriate to identify the second term with the usual NC interaction of the electroweak theory 
and the third term as a new NC interaction. If Z2 has a comparable mass to Z there will be stringent bounds on 
the ely j d,, couplings and the Z mass [41][42][43]. 



































13.3. Charged and 4-Colored Currents 








The ®92;, ®2215, P1319 and ®3 1.10 Higgs fields given in eq. (11.3) gave rise to a mixing among the Y, and A’, 
fields and a further mixing among the A, and X,q fields. The Y,’ fields didn’t mix with any other gauge field. The 
resulting mass eigenstates were previously given in eqs. (11.22). The masses of these mass eigenstates were given 
in eq. (11.31). The mass eigenstates W,, Ws, We, and W7 can be described through the following rotations. We 
have 




















W3= Y, :no mixing (13.7) 
W4 et? cos€g sin €g Y, 
Ws —et* sin & cos &o Al 
We e+? coség sin &3 Ao 
- (13.9) 
Wr —et*% sin€; cos &3 Xa 


From the other side the Lagrangian describing the interactions of fermions with the currents mediated by the 
Aq, A’, Ya, Yi and X,q, fields prior to any SSB were given in eqs. (5.1) and (5.8) respectively. We collect these 
interaction terms in a single Lagrangian. We have 

















L=+tigv2 (UA-AtIe a ey 4” LY! 4 Xa Xq + h.c.) 
(13.10) 





= +igV2 (Jg*Wat I> Wi + Jg- Wi +Jg- We + Jp Wr +h.c.) 
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where we have restated C in terms of the physical gauge fields W3, W4, Ws, We, and W7 on the right hand side 
above. Using the transformations given in eqs. (13.7), (13.8) and (13.9), we arrive at 























L= t+igVv2 Ges et 8 cos €2 = She sin £2) Wit (fee sin € +I cos £2) we 
fs (ae en 16 cos £3 — Sia sin &3) Ws ae (uy e716 sin & + ya cos £5) we (13.11) 
+5 WS + hc 


Single interaction terms in the above Lagrangian can be found by using the explicit expressions for the currents in 
eq. (5.4) to (5.7) and eq. (5.11). We have 
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(13.12) 
where £ = £3+---+L7. Also q and / denote quarks (u, c, t, d, s, b) and leptons (e, 4, 7, Ve, Vz, V) respectively. 
The subscripts wu and d denote up and down states respectively. €agy = —€ayg = 1 and the indices (a, 3, y) 
denote SU (3). 


Before we end this section, we find it appropriate to mention a few aspects of the SO(10) theory which 
are linked to cosmology. Actually it is intriguing how grand unified theories of elementary particles and their 
interactions are connected with cosmology. As it is well known, our universe is predominantly made of matter and 
we have evidence for that there are more particles than anti-particles [90]. A suggestion from Yoshimura is that 
the baryon number violation can combine with C’P violation to produce a calculable net amount of baryon number 
even though the universe was initially baryon neutral [91][92]. 

The mechanism becomes more transparent if one compares the partial decay rates of heavy gauge bosons and 
anti-gauge bosons ( or Higgs bosons ) into quark + quark pairs and anti-quark + anti-quark pairs respectively [93]. 
This can be stated as 












































Ries) era) a Tee) es ed) 
T {(2, 2,3) — all} T {(2, 2,3) — all} 
where the (2, 2,3) multiplet denotes the A, A’,, Ya and Y’ gauge bosons. Similarly the (2, 2,3) and the (2, 2, 3) 


gauge bosons can also decay into quark + lepton or anti-quark + anti-lepton pairs respectively [94]. This can be 
stated as 
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T{(2,2,3) +¢+ _, T[(2,2,3) -¢+1} 

I {(2, 2,3) — all} I {(2, 2,3) — all} 
To reach from an initially matter anti-matter symmetric universe a universe with net excess of baryons surrounded 
by a huge number of released photons, we would need B, C and C’P violating interactions where B denotes 
baryon-number. All the vertices above in £3,...,£7 violate separately B and L number but conserve B — L 
except the vertices in £4 and £5 which also violate B — L number. The general requirements for a net excess of 


(13.14) 
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baryons in our universe was studied by Sakharov in 1967 [95]. The well know ratio reads 





as Nee (13.15) 


Ny Ng + Ng 


where ng and mg are the number of quarks and anti-quarks as products of the above decays. ng and 7, are the net 
baryon and photon numbers. Herein ng and ng can only be different if the interactions are C’ violating which breaks 
the symmetry among n, = mg. From the other side the same interactions must also be C’P violating because ng 
and ng remain unchanged over a parity transformation [94]. n., in the denominator is related with the decays of q ¢ 
mesons into photons and the nominator nz is related with excess quarks that confine to make the baryonic matter 
around us. 

We have previously shown in § /4.3.2|that SO(10) interactions are separately C, P and C’P invariant. The 
spontaneous breakdown of the SO(10) symmetry gave rise to the ¢2 and ¢3 phases which are possible sources 
for CP violation in the above interaction Lagrangians. These phases are explicitly given eq. (11.27). They will 
be evaluated later in § 15} On the other side the interactions in £°° which are given in eq. (13.2) are also CP 
violating due to the ¢, phase which is given in eq. (11.26). The value of ¢, will be estimated later in §[15| 

As we will show later in §|14/and §|15|the vevs vz and vp are not equal. This has certain consequences: The 
Wy; and W> gauge bosons acquire different masses and interact also with different strengths. As a result C’ and 
P invariance in £°© is numerically lost. 

As aresult SO(10) grand unification has the necessary ingredient to produce a net excess of matter over anti- 
matter. From the 3/ radiation background and the average density of matter in the universe which roughly equals 
10-31 ¢ cm~%, the above ratio turns out to read 







































































2 210? (13.16) 


Thy 











This value puts a stringent bound on our model [94]. A quantitative analysis of the above ratio using the decay 
rates is however very complicated and will not be investigated any further. 
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14. RENORMALIZATION OF THE COUPLING STRENGTHS IN SO(10) 











We have shown in § 3] that all of the Standard Model gauge interactions described by the direct product gauge 
group SU(3)c¢ x SU(2)r, x U(1)y are derivable from SO(10) gauge interactions. Furthermore, SO(10) grand 
unification disposes of a single coupling strength g, which formally describes a single force, which is not achieved 
in the Standard Model. But we should keep in mind that the gauge couplings strengths assigned to the color, 
weak isospin and hypercharge gauge groups in the Standard Model are not numerically related to each other 
exactly through the ratios that we stated in eq. (5.26). That means the measured values of these couplings are 
not satisfying the simple ratios originating from the SO(10) group. This is a well known problem studied in the 
framework of renormalization [30][96] [97][98]. In the remaining part, we will study the renormalization of these 
various coupling strengths defined in eq. (5.26). 

Let us start with the lucid identification that the separate coupling strengths g; assigned to the various sub- 
groups of S'O(10) are equal in value at some grand unification mass scale Mg whose value is subject to further 
determination. We have 
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The renormalization procedure influences the coupling strengths g; to evolve differently as we move towards lower 
energy scales. Formally, these unequal coupling strengths can be perceived as the origin of the separate interactions 
manifesting themselves in nature. One of the fundamental aspects of grand unification is to establish the above 
equalities among these gauge couplings with the gauge coupling g. For small values of the unification gauge 
coupling the renormalization equations can be stated as 


1 1 Q bi; Q 
2 Se ae en oe 14.2 
gH) 97 (Q) Ll 25 bj us vee) 


where g;(j:) and g;(Q) is the measured strength of g at the energy scale 4 and Q respectively [23]. Formally 
the renormalization of any of the gauge coupling g; depends on the dimension of the unitary gauge group to 
which the coupling is assigned. This property is contained in the b; functions which get contributions from gauge 
bosons, fermion loops and scalar bosons [31]. If only the gauge bosons and fermion loop contributions to vacuum 
polarization are taken into account one obtains 
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where JN is related to SU(N) and ng indicating the number of fermion generations [93][25]. Let us introduce for 
each of the following subgroup a coupling strength g; and a function by with an appropriate label. We have 





U)ja, bi”, e(Q) = Cag7(Q) = V4ra(Q) 

SU(jc, bt, a(Q) = #@ 

SUB)c, &, a (Q) = #2 

U(1)y , bi, gy(Q) = Cy gs(Q) (14.4) 
U(ljp-r, 0, gp-1(Q) = Ca_-z1g3(Q) 

SU(2)r, be, gr(Q) = Crg2(Q) 

SU(2)r,, by , gt(Q) = Crgi(Q) 











Note that these conventions confirm those in eq. (14.1). Before we start using the above definitions in the renor- 
malization procedure, let us consider certain ratios among the coupling strengths that will be later useful. A well 





known ratio follows from the electroweak theory. We have 


gv(Q) _ Cy u4(Q) 
gu(Q) Cr nl@) 


where Q indicates the energy scale dependence at which the interaction is probed and sin 6;,(Q) is the weak mixing 
angle. In contrast to the electroweak theory the electromagnetic gauge field is a mixture of the W,, Wr and XB_ 7 
fields in SO(10) as shown in eq. (11.19). Therefore sin 67, does not correspond to any mixing angle in SO(10). 
But it is still important to us, because the ratio is experimentally determined and can be used as an input in the 
fitting procedure that will be introduced in § 15] The ratio between the coupling strength gz of SU(2) and the 
gp_—z of U(1)g_1 provides a similar use. We have 


gp—L(Q) = CB_L 93(Q) _ tan Op (14.6) 


gr(Q) Cr ge(Q) 


Here it is remarkable to see that the last two equations above have structural resemblance. It is easy to show that 
the Xp_y, and Wwe fields can mix into the Xy gauge field over a mixing angle sin@pr, if we were break the 
SU(2)r x U(1)p_1 gauge symmetry into the U(1)y symmetry through a Higgs field in the 16 Representation. 
This would be quite analogous with the symmetry breaking applied to the SU(2), x U(1)y symmetry where 
the Xy and the W? gauge fields mix into A,, again via a Higgs field in the 16 Representation, or as originally 
done with a doublet i.e., in the 2 representation. Somehow the neutral gauge fields are gradually mixed with each 
other to yield the massless photon. This hypothetical mixing angle sin @z is analogous to sin @y and is also no 
mixing angle of SO(10). It will be clear in a few lines how we make use of this ratio despite the fact that it is not 
measured. The ratio between the coupling strength gr of SU(2)p and the gy of U(1)y is also useful. We have 


gr(Q) _ Crg(Q)_ 1 
gv(Q) Cy ga(Q)  sin®r 


This ratio can be obtained through the relations given in eq. (5.28) together with the above one. As next we consider 
the coupling strengths of the left and right isospin groups. We have 


gi(Q) _ Cr gi(Q) _ sinOr (14.8) 


gr(Q) Crg2(Q)  tandr 


Note that here C';, = Cr = 1. The ratio should be equal to unity at the unification mass scale Mg. This ratio can 
be used to define a measure of the le ft — right asymmetry of the vacuum. For example assuming that ratio : = cs 
is very close to one and knowing the experimentally verified value of sin @; one can determine sin @z at a known 
mass scale. The ratio between the coupling strength gy of U(1)s_, and gp_r of U(1)p_1 is also useful. We 


have 








= tandy (14.5) 
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This ratio can be derived from the above given relations. 

In the remaining part, we will consider the so called running of the coupling strengths g; and solve them for 
various mass scales embodied by SO(10). The intermediate mass scales and symmetries can be determined as 
in Fig. (14.1). If we compare Fig. [11.1) with Fig. (14.1), one notices that they are not really equivalent. This is 
a technical problem. We do not know yet what values the vevs in eq. (11.3) assume therefore it is hard to guess 
which SSB route should be chosen in advance. We restrict ourself to expect that all the Higgs scalar in eq. (11.3) 
will cooperate in the SSB of SO(10). Then, it would be most relevant to expect that at the scales Mg and at 
Mc operate the scalars ®219 and ®45 respectively. This was discussed in some more detail in § [11.1] As seen 
in Fig. (11.1) we should either proceed with SU(3). x SU(2)r x U(1)y:, SU(3)- x SU(2)r x U(1)y or with 
SU(3)-x U(1)n4Rr x U(1)B_z. Phenomenologically we know that SU(3). x SU(2)r x U(1)y is a dominating 
symmetry of the vacuum. Therefore it should be considered as a further intermediate symmetry with its mass scale 
Mvyy in Fig. (14.1). It is seen that along the above prescribed route all the vevs in eq. (11.3) are involved. The 
©3170, P221 and ©2215 Higgs scalar are nevertheless cooperating at the mass scale My. But this does not imply 
that they assume precisely equal vevs. My might have a fine structure in SO(10). The details about this fine 
structure will be postponed to § [15] 
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SO(10) Me 








SU(4)o x SU(2), x SU(2)R Mo 
SU(3)- x U(1)p_x x SU(2), x SU(2)R Mr 
SU(3). x SU(2), x U(1)y Mw _ (+ fine structure) 
SU(3)e x U(l)g no further SSB 


Fig. 14.1: Backbone of Descents in SO(10) are on the left hand side and corresponding Intermediate mass scales 
are on the right hand side. A possible fine structure of My is suppressed. 


Let us start with the running of gy in four separate regions. We have 
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The beta function for gy between Mc and Mp, can be derived from the following relations 
1 ih 1 9 Il 1 aol 21 1 5 1 
ee sSs=ssgt+saH=z55 (14.11) 
Tp gp-w "gs 93 * G3 93 9 3.93 
from the last step follows 
1 241... 31 2 3 
Sette th = 50S + L0P (14.12) 
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Again the beta function for gy between Mg and Mc is similar to the above expression of b; with a replacement of 
bC with b4. Note that U(1),—1 is asubgroup of SU(4). In the running of gy- the factors 2/5 and 3/5 simply tell us 
what fraction of the total renormalization is contributed to gy from SU(2)r and U(1)g_1 or from SU(4)c and 
U(1)s_1 interactions respectively above My. The running of gr, gp_x, gr, Ws and a,’ are given collectively as 
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The evolution of the electromagnetic coupling strength e is useful. We have 
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For the determination of the beta functions in the above given energy intervals, the following relations among the 
couplings can be used. We have 
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In the region Mg < Q < Mc, we have by instead bY. At mass scales Q < My the coupling e is found as 
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+ 2(ohi + 3 =a) In( soe 7) + 204 In (— 
From here eg can be determined. But it is necessary to find the unknown scales Mg, Mc and Mp first to make 


use of this result. For this purpose let us summarize the couplings g4, gz and gs by using the above set of equations 
for the interval Mg < Q < My. We have 


1 1 LG 3 Mo Mr 
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(Mw) Mw 
A possibility is to use the the combination ; Cy? /g? + 1/9? — (Cy? + 1)/g2. It is free of the unknown gg and 
the first two terms in this combination equal to 1/e?. It yields; 


ct 81 Mc Mc Mr 


a 2 )+ Binz )+Cln(a ) 


14.1 
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where the constants come out as 
A = 2(bF — 2b, + bF) 
B 


= 2(5b7 + by — 3bs + by) (14.19) 
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There are three unknowns in eq. (14.18), namely the scales Mg, Mc and Mp. Further relations are required. 
Another possibility comes from the weak mixing angle contained by the combination oi /93 — Cy 7 /9?. We 
have 
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Using the expressions for g4 and g; and some reorganization of the terms yield 
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The constants D, € and F in terms of the beta functions are found as 
2 3 
D = 2(Eba + Aa = 
2 3 
E = 2507 + Eby! — by) (14.22) 
F = 2(b, — bP) 


Since we have three unknowns Me, Mc and Mp in each of the statements above. It is impossible to fix them 
with two equations. A third one is required. Unfortunately there is no further phenomenological input other than 
the weak mixing angle and the coupling strengths of the electromagnetic and strong interactions. Let us impose a 
condition such that Mc < Mg. This might serve as a third relation. Formally it would be much more useful to 
define this inequality through a tuning parameter p that can help with the estimation of the scales. Let 
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By means of p, the eqs. (14.18) and (14.21) can be solved among themselves for the three unknown scales. We 











have 
Mr = Mw exp E - es (3 — = sin? a) + — (= - :2)| 
Mo = My exp la. + a (3 - = sin? 6x) + oe (= - 372)| (14.24) 
Me = Mw exp Ee + —_ (3 - = sin? a) Ae oe (= = 37)| 


The A’s appearing in these equations are composed of beta functions and the tuning parameter p. They are 
explicitly found as 


DB-EA 

Al = 5¢— FB? 
_ A(E-F)+D(C -B) 

A, =-— (14.25) 
_(, AE -F)+D(C -B) 

As=(1 EC — FB r 


The scale factor p is chosen by definition positive. If we substitute the values of the beta functions, we find that 


Ai SO; Ag<0, AgSo (14.26) 














where Higgs scalar contributions are completely neglected in the beta functions given in eqs. (14.19) and (14.22). 
If p is allowed to increase for a fixed value of My, than Mg decreases and Mp increases. 





14.1 Mass Scales in SO(10) 


It should be noted that the results of the former renormalization procedure have some general validity or even 
a universal character as long as the contribution of the Higgs scalars are ignored. That means if the number of 
Higgs scalars entering the Higgs mechanism and their triplet or doublet nature is ignored, one ends up with almost 
the same scenario. Different symmetry breaking routes could be envisaged. But the dominant character of the 
intermediate electroweak symmetry does not leave to much room for alternative routes. The problem reduces 
mainly to the exact specification of of the Higgs multiplets initiating the same SSB’s but suiting the the fermion 
sector in a better way. Our selection of the Higgs sector in Table (11.1) has been done in the broadest fashion 
where a renormalizable Yukawa sector is ensured with Majorana and Dirac masses for neutrinos. This gives the 
confidence to hope that the fermions masses can be reproduced by the vevs. From the other side, the Higgs sector 
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1.70 x 1019 
8.57 x 1018 
5.71 x 1018 


3.09 x 1018 
1.54 x 1048 
1.03 x 1018 


5.56 x 10!” 
2.78 x 10!” 
1.85 x 10!7 


1.00 x 1017 
5.02 x 108 
3.34 x 1018 


6.74 x 107° 
S07 x 10" 
2.24.« 10" 


1.70 x 1019 
4.28 x 1038 
1.91 x 1048 


3.09 x 1078 
Tid 10" 
so 10" 


5.56 x 10!” 
1.39 x 1017 
6.16 x 10/6 


1.00 x 107" 
2.50 « 10'° 
1.12 x 1016 


6.74 x 1076 
1.68 x 10'6 
7.49 x 101° 


3.45% 10° 
9.79 x 10° 
3.20% 10" 


7.67 * 10° 
3.07 x 10" 
6.91 x 107° 


2.40 x 101° 
9.62 x 10/9 
2.16 x 101! 


7.54 x 101° 
3.02 x 10% 
6.78 x 1014 


Tor x10” 
2.83 x 104 
6.37 x 10" 





128 
128 
128 
128 
128 
128 
128 
128 
128 
128 
128 
128 
127 
127 
127 


Tab. 14.1: Grand unification and intermediate mass scales without contribution of any Higgs scalars. ag = g?/47 
is the coupling strength at the grand unification mass scale Mg. 


also ensures e.g. the mixing of the Wy; and Wp gauge fields which leads to a richer phenomenology awaiting 
precision experiments. 

Neglecting the contribution of the Higgs particles might not be a good approximation. Since the gauge boson 
masses depend very sensitively on the vevs. Let us first of all estimate the scales without any contribution of Higgs 
scalars using eq. (14.24). These values are summarized in Table (14.1). 

It is found that Mg rests between 101° — 10!” GeV and Mp between 101° — 10!! GeV for various values of p and 
acceptable input values of the electroweak parameters at My = 246.218 GeV where especially a, (My) = 10. 
For smaller values of aj, the SO(10) model is no more physically viable. Because Mg moves inescapably 
towards the Planck scale. The various values of a(M@) are also given in Table.|14.1 for the respective values of 


















































the intermediate mass scales where the fine structure constant a at Mg is obtained from eq. (14.16). We have 
3(4r)-1 3 (4) 7? 2 3.r, dub Me 2.0, 3.R, 354 Mo 
= =< 2(=b4 + bq’ + =b7') In(—) + 2(=b <b =by ) In(— 
Sul) Bate (gba + gba + obo) Ina) + Ager + soe + 3b2) na) mon 
5 3 Mr Mwy , 
2(=b1 + =b2) In(——) + 269” In(—— 
+ 2(3b1 + Zhe) Im) + 265" in) 


This expression can be solved for a(Mc) at Q = My. If we compare the values of a~! at Mg and My, given 
in the last six rows in Table. [14.1] it is observed that they are very close. This does not happen in the effective 
SU(3)c x SU (2), x U(1)y running of a~!. The difference is caused by the existence of the U(1)5_1 x SU(2)R 
symmetries above the M/p scale. The beta functions bf” in eq. (14.15) in the interval Q > Mr becomes negative. 
The running of a~! is sketched in Fig. |14.2! As seen in the figure a~ + reaches a minimum value of approximately 
117 at the mass scale Mp, beyond this scale the electromagnetic interactions become gradually weaker again. 




















14.2. Coupling Unification Beyond Mg 


Towards the grand unification scale, the coupling strengths g; converge closer and closer until they all reach the 
value g at Mg as was prescribed before in the preceding section. One could speculate whether these g;’s start 
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Fig. 14.2: The evolution of 1/a(Q) (vertical axis) with respect to InQ (horizontal axis) where Q is in GeV. 














to depart from each other beyond Mg again [23]. Such a behavior would spoil unification. To illuminate this 
problem let us consider the case in that we run, alternatively to SO(10), the standard model gauge couplings of the 
SU(3)c x SU(2)r x U(1)y gauge group to some unification mass scale Mg through the following beta functions. 
We have 





1 11 4 
b = — — 
= Gap | ria $7] 
1 11 4 
1 11 4 
= Tap [got 5M 


Here it is easy to see that beyond Mg, coupling unification is no more maintained and they start to diverge, unless 
some Super heavy gauge bosons below Mg are introduced into the theory. These gauge bosons could contribute 
to the running of the couplings in such a way that the beta functions become equal. To obtain the condition 
b3 = bg = b, the following gauge boson contributions can be considered. We have 





2 i, ll 4 

Gay | f 8° 38 
1 | 

bo = (an? 52 _ a +r 5s| (14.29) 
1 ll oi 4 

(pS | a 

1 me | a gt ww 


The task would be to find the appropriate multiplets of gauge bosons that transform under SU(3)c x SU(2)r, x 
U(1)y and produce the correct n1,n2 and ng values. An easy approach to find these bosons comes from group 
theory: The smallest gauge group in which the standard model can be embedded, is the rank 4 gauge group SU (5), 
or reversely SU(3)c x SU(2)z x U(1)y is a maximal subgroup of SU(5). So the super heavy gauge bosons we 
are seeking are obviously those residing in the coset of SU(5)/SU(3)c x SU(2)r x U(1)y, which are the Y, 
and Y/, gauge bosons in eq. (3.26). It is found that they correctly yield n2 = 3, since for each choice of color there 
is an SU(2), doublet. Also nz = 2. Because for each value of weak-isospin there is one color triplet. Finally if 
the charges of these gauge bosons in Table (3.1) are viewed than for the same hypercharge value there are 3 color 
and 2 weak-isospin charges possible, producing n1 = 5. 

In analogy we can check this for the beta functions in eq. (14.4). Beyond Mg all of the b®, bf, b7, and b}, 
functions become equal, if the (2, 2, 6) @ (1, 1, 6) gauge bosons in the coset of the SO(10)/ SU(3)c x U(1)B_1t x 
SU(2)r x SU(2)p are considered. These super heavy gauge bosons will be massless above the Mg scale and 
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will contribute to the beta functions, as in the former case, so that coupling unification is assured. The main reason 
that we highlighted this discussion is due to a simple fact: SO(10) has no isomorphism with any unitary group 
SU(N) that possesses exactly 45 gauge bosons. Consequently, coupling unification above Mg is less obvious and 
requires some analysis. 
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15. THE VACUUM EXPECTATION VALUES : A NUMERICAL FIT 


In this part, we will attempt to estimate various quantities that we derived from our SO(10) model. As we have 
pointed out previously, the numerical estimates of the following quantities ; 








1.1 Gauge boson masses (W7", 21), (W5", Z2), (W3,..., Wz). 
1.2 Fermion masses of the third family : mz, mo, Mops Mv_q Mr 


1.3 Mixing parameters : (1, 32, 33, 91, A), 83 and £1, £2, €3, £4 
1.4 Phases for CP violation : ¢1, C2, ¢3, C4 


require the following as input: 


2.1 The values of the vacuum expectation values (k, u,v, UL, UR, Z, 2) 
2.2 The values of the phases : 7, 3, a, 6 and 0 


2.3 The values of the coupling strengths g, gz, gr and gp__y at relevant mass scales 


Since we do not know the values of the Higgs coupling at any scale, it is not possible to evaluate the vevs from the 
minimum of the Higgs potential in § 11.2.1)despite of the fact that we have successfully solved the minimum for 
each of the vevs separately. Therefore the SO(10) model looses its predictive power to some extent. Actually the 
situation is indeed not so hopeless. We have found from the minima of the Higgs potential that the vacuum looses 
its invariance under the SU(2); and SU(2)r symmetries in an hyperbolic fashion; this is manifest through the 
two expressions in eq. (11.12). We recall the latter one which reads 


























VLUR=C1 k? + 9 u? (15.1) 


Herein we have replaced the phases and the Higgs couplings with c; and cz so that the expression looks simpler. 
Remarkably there exist a further relation which resembles the above dependence of vz vr on k and u. This relation 
comes from the 7-neutrino mass m,,, which was given in eq. (12.11). We know that either m,,, or m,,, should 
have a nearly vanishing mass. Because one of them should be identified with the observed left-handed neutrino 
and the other with the hypothetical heavier right-handed neutrino. If we set the expression for the 7-neutrino mass 
identically to zero and solve it subsequently for vz vp then we obtain exactly 














32uzuR =k? +.12u? + 4vV3ku cos(a — 6) (15.2) 


It is seen that the last two equations above are similar up to an interference term between k and u. We will return to 
this point later. Let us continue our analysis with the fermions that have Dirac masses. If we look at the expressions 
for mz, Mp and m, in eqs. (12.5) and (12.6), we see that they depend on: 

















3.1 the vacuum expectation values k;, wu and uv 
3.2 the phases a, 6 and 0 


Consequently there are two predictions that we can infer from the expressions of the quark and charged lepton 
masses in eqs. (12.5) and (12.6) : 

















4.1 Since the quark masses lie all below the Fermi scale i.e., G ~ 246 GeV and even below the top quark 
mass i.e., 174 GeV, we expect k, u and v to be approximately at the order of the Fermi scale. i.e., O(2). 
4.2 Since the top quark mass is bigger than the bottom quark mass, we expect u to be larger than v and k 


to assume a median value. With this assumptions, we can account for the big mass gap between the 
bottom quark and the top quark. 





From the other side in § [14] we had estimated the mass scales in SO(10). We had found that Mp ~ 1010-°+9-° 
GeV as summarized shown in Table. (14.1). From the remark stated above in step (4.1) and from the expressions 
in eqs. (15.1) and (15.2), we arrive at the following relation: 



































UL * 1910-5+0.5 ~ G2 ¥ UL ~0O 
—?—$——p}{” 


UR 


(15.3) 


This suggests that vy is an extremely small number roughly equal to 6 - 10~°-°*9-° GeV and can be practically 


taken as zero in all evaluations. The above statement is extremely powerful. We can approximate the expression 
of the gauge boson masses, mixing parameters and phases with respect to the condition; ve >> vz = O. In this 
respect, let us consider the mass of the Wy" boson in eq. (11.29). The mass of Wy" should be equal to the mass of 
the W~ boson of the electroweak theory. i.e., 80 GeV. If we approximate the expression for M/Z. we in eq. (11.29) 
according to vp > vz = 0, we obtain 





























1 
(My)? Y a6 — 


; i gj, (k? +u? +0? +2v7) & (80)?GeV? — (k? + u? + v?) & (246)?GeV? (15.4) 





Since vz = 0, we end up with the equality on the right hand side above. Consequently we have recovered the 
remark in step (4.1) which tells us that the relation in eq.(15.3) holds consistently. But unfortunately, it doesn’t 
reveal us the values of k, u and v separately. A straight forward approach is to seek those k, u and v values that 
can reproduce the fermion masses and simultaneously satisfy the condition: 





(k? + u? + vu?) © (246)*GeV?. (15.5) 


With this condition, we will be able to unveil the input parameters of S'O(10) grand unification. The values of the 
k, wand v vevs that can reproduce the fermion masses will be studied as next. 


15.1 Fermion Masses 





In the guidance of the remark in point (4.2) above, it becomes suitable to substitute the values u = 246 + 40 GeV, 
v = 1 GeV, k = 4 GeV, cos(a — 5) = —1 and cos(a + 8) = 1 into the exact expressions for the top and bottom 
quark masses in eq. (12.5). These input values are summarized in Table (15.2), We obtain 

















m, = 5148 GeV 





(15.6) 


These are the top and bottom quark masses at the grand unification mass scale Mg = 3.37 - 101° GeV where all 
the entries of the Yukawa coupling are equal to 1 as in eq. (12.3). These quark masses should be renormalized to 
energies below the Fermi scale by using the QC’'D renormalization group equations [99][100][101]. The top quark 
mass renormalizes to m,(m;) * 142 + 25 GeV and the bottom quark mass renormalizes to my(mp) * 4 GeV. 
Furthermore we substitute the same same input values in Table (15.2) into the exact expressions for the 7-lepton 
and 7T-neutrino masses given in eq. (12.6). We obtain 



























































mi = 150.414 25 GeV 


(15.7) 
m, = 0.76 GeV 


These are the Dirac masses of the leptons at the grand unification mass scale Mg where again all the entries of the 
Yukawa coupling are equal to | as in eq. (12.3). The 7-lepton mass m, roughly renormalizes down to 1800 MeV 
at 2 GeV. Let us continue with the Majorana mass terms of the 7-neutrino given in eq. (12.7). Using the same input 
values in Table (15.2), we obtain 





























Mw 0 
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m™“™ =10!° GeV ve 
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T-neutrino Mass in SO(10) : m,,, and mv,, 


1.88 
5,727 1'60 


47 
75,107 16-10 


750,367 tea go 


49.07 
7503,817 1589.07 


750038101 teeens 





Tab. 15.1: r-neutrino mass in SO(10) at the grand unification mass scale Mg for various values of vr and vz 
where vpvR = G? andG equals the Fermi scale. 


Herein we have taken vp; = 10° GeV and vz & 0. The values of the phases 3 and 7 satisfy the condition 
e'(9—7)/2 — 1, These were absorbed in the Majorana-neutrino flavor-eigenbasis in eq. (12.9). The above masses 


are therefore absolute values. Since we want to evaluate the 7-neutrino masses My,, and Myp,,, We may proceed 
M 











in two eae We can either find the mass eigenvalues of the mass matrix M in eq. (12.8) whose entries are m;; 


myn and m? _ which were evaluated above or we can directly substitute the input values into the exact expresions 


of m,,, and Mie, ineq. (12.11). In both cases we obtain the same result. We have 


c) 





My, = O.T25 7 on V 


15.9 
My,, = 2-10 GeV oe 


Ee 


It is very remarkable that the above value of m,,, falls into the eV range. Note that we have taken uy, exactly zero. 
If we repeat the same evaluation with v;, = 6- 10-© GeV which was estimated from eq. (15.3), the mass Mp,, 
does not suffer any change. Before we close this section, we will continue to elaborate the 7-neutrino mass my,, 
by using different values of vz and vp that satisfy the condition: 





UL UR =G@ (15.10) 




















The values of &, u, v and the phases 6, 0, a will be again like those given in Table (15.2). As seen in Table (15.1), 
for v, = 6- 107° GeV, Mp, enhances to ~ 75 eV which corresponds to vr = 10° GeV. As we decrease vp 
each time by a factor of 10 and thereby increase vy by a factor of 10, m,,, increases by a factor of 10 as seen in 
Table (15.1). 

These small values of vy do not violate the condition in eq. (15.5). That means our model will still predict 
the W~ boson mass of the electroweak theory correctly hence with a surplus of heavier 7-neutrino masses. The 
question we have to ask ourself is how small uz could be in SO(10) ? As shown in §|14|where we mainly studied 
the coupling unification in SO(10), we found that vg rests at 10'° GeV. In those evaluations we neglected the 
contribution of scalar bosons in the beta functions. We may expect that the contribution of Higgs scalars reduce 
Mr maximally by two orders of magnitude. Then the 7-neutrino mass m,,, might be only as big as ~ 750 eV 
at the grand unification mass scale as shown in Table (15.1). We find the 7-neutrino masses in the first two rows 
in Table (15.1) as favorable. Last but not least, our SO(10) model predicts non-vanishing neutrino masses which 
are consistent with the current status of neutrino physics. A summary of the quark and lepton masses obtained 
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Input Values for Quark and Lepton Masses in SO(10) 


pete f ed = | | = “ . 


Tab. 15.2: Input values for quark and lepton masses in SO(10). All values of the vevs are in GeV. 








Quark and Lepton Masses in SO(10) 


Leptons 


Mr, 


0.91 GeV | 760 MeV | 5.727}:85 eV 





4 GeV ~ 1800 MeV ~ 14 eV 





Tab. 15.3: Quark and lepton masses of the 3"¢ generation in SO(10). In the first row, masses are given at the 
grand unification mass scale. In the second row, quark masses are given like m:(mz) and ms(mb). 
Lepton masses are given at 2 GeV. 





for the heaviest fermion generation is given in Table (15.3). The evaluation of the fermion masses of the first and 
second generation requires a renormalization procedure of the Yukawa couplings which we won’t undertake. We 
are optimistic that such a renormalization procedure can reproduce the remaining fermion masses in the realm of 
SO(10) grand unification. 


15.2 Gauge Boson Masses 


In this section, we will evaluate the masses of the physical gauge bosons in SO(10) which were derived from the 
mass-squared matrix in § 11.3] The expressions for the physical gauge boson masses were previously given in 
eq. (11.3.2). Using the input values in Table (15.4), we obtain 




















Ma = 0 





M,+ © 80.10;848 Gev (15.11) 





Mz, © 91.215733 GeV 
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Input Values for Gauge Boson Masses in SO(10) 


SSE 








Tab. 15.4: Input values for gauge boson masses in SO(10). All values of the vevs are in GeV and e & 2.718 which 
is the euler number. 


Myx ~ 4.03-10° GeV 
Mz, & 8.32-10° GeV 
Mw, = 1.76-10'© GeV 
Mw, © 1.76-10'° GeV (15.12) 
Mw, & 1.76-10'® GeV 
My, = 2.74-10'° GeV 


My, & 1.76-10'® GeV 


Herein we have used the same input values that we used to evaluate quark masses. The errors in the masses of 
Wy and Z; stem form the vev u. Additionally required input values for the above evaluations are summarized in 
Table (15.4). For example the evaluation of the W;" and Z, gauge boson masses require the values of the coupling 
strengths gz, gr and gp__y, at the mass scale Gas shown in Table (15.4). The grand unification mass scale has been 
chosen as Mg = 3.38- 101° GeV. The corresponding grand unification coupling strength is ag = g?/47 = 1/46.6 
which was obtained in §{14| For the tuning parameter, we have p = In[Mc/Mc] = 2. Note that smaller values 
of p may be acceptable as well but this has physical consequences which will be discussed later in § [15.3 From 
the other side the evaluation of the masses of the W5" and Z2 gauge bosons require the values of the coupling 
strengths of gr, gr and gp__ at the mass scale Mp = 10'° GeV. These are also summarized in Table (15.4). They 
are obtained from the renormalization equations of the coupling strengths given in eq. (14.13). As we compare the 
masses of the Wg gauge bosons with the other W3, W4, Ws, W7 gauge bosons, we see that it is roughly 6 to 7 times 
lighter. We and W7 mediate 6 — L violating processes. The lightness of W¢ will have interesting consequences. 
A lower mass will increase the rate of B — L violating processes and will thereby reduce the life-time of various 
decays. The lightness of Wg is a direct consequence of p = 2. 
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15.3 Mixing Parameters and Phases 


15.3.1 Mixing Parameters of the Charged and Colored Fields 


In this section, we will evaluate the mixing parameters €,, £2 and £3 which resulted from the mass-squared matrix 
in §[11.3] Using the input values in Table (15.4), we obtain 








Charged currents { & = 0.02631 


fo = 0.7145 5-08 (15.13) 
Charged + colored currents ee 8 
fy © Zi ifw@=z 
a 0 ifaA#z 


Here we find it appropriate to address the following two cases related with the value of 1: 


Case A: 


Case B: 














If the vacuum expectation values vy and vr were equal then the gauge fields W;” and Wz would mix 
through the angle 4 radians. In this special case the determination of the fermion masses and gauge 
bosons masses becomes in our opinion impossible. This picture obviously does not suit the pattern in 
nature. We will not speculate about the reasons. Our evaluations predict uz = 10'° Gev > vz, = 0 
GeV. 


The other case is when vp is much greater than vy then W; and Wp start to decouple. At Mp = 10 
GeV, the mixing angle £3 assumes the above value. Beyond this value at roughly Mp > 2.5-1019 GeV 
they are completely decoupled. Stringent experimental bounds on €3 as reviewed in ref. [24] can allow 
us to estimate a lowest bound on Mp. 


























As seen above, the value for £9 is very close to $ and tells us that A’, and Y, mix almost in one to one proportion. 
From the other side there are two cases of interest for £3: 


Case A’: 


Case B’: 


If the grand unification mass scales Mg equals the intermediate mass scale Mc, then the gauge fields 
A, and Xq mix through the angle 4. In this case the masses of the W3, W4, Ws, We, W7 gauge bosons 
become equal and increase by a factor of 1.14 with respect to the values given in eq. (15.11). Such a 
picture can be physically viable as seen in Table (14.1). 








If Mc is smaller than Mg then the gauge fields A, and Xq will start to decouple. At a difference 
of 100 GeV the mixing angle takes the value £; = 1.6- 10~® radians. The mass of the We boson 
becomes gradually smaller than the W3, W1, Ws, Wz bosons depending on the ratio p = Mg/Mc. 
Such a picture is also physically viable as seen in Table (14.1) and reproduces our model for p = 2. 





It is remarkable how a small difference between the scales Mc and Mg can be so decisive on £3 in Wg mass. The 
decoupling of A and X means that B — L violating processes become extremely less probable. In fact 100 GeV 
compared to the grand unification mass scale can suitably be considered as a fluctuation. At kT’ = 3.38 - 1016 
GeV the grand unification mass scale and beyond of it can be considered as a condensate of quarks and leptons in 
equilibrium with gauge boson and Higgs bosons . As the universe cools down roughly 100 GeV down A and X 
will almost be decoupled with £3 = 1.6 - 10~°. Such processes will contribute to the net excess of baryons over 
anti-baryons as the universe cools down. 


15.3.2 Mixing Parameters of the Neutral Fields: 
Vector and Axial-vector Couplings in SO(10) 











The mixing parameters appearing in the expression for Z; in eq. (11.20) can be evaluated at the mass scale G' using 
the input values in Table (15.4). We have 

















ea 
> —2.1792 — = —0.8765 
By => INA 
Bo = 0.6568 => 2 ~ 0.2642 (15.14) 
1 
(3 
=] — = 0.4022 
£3 = Ni 
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where the normalization constant 1/N =~ 0.4022. The mixing parameters appearing in the expression for Z2 in 
eq. (11.21) can be evaluated at the mass scale Rp using the input values in Table (15.4). We have 


























es Pies 
/ 
(i, = 0.9428 = A ~ —0.6859 (15.15) 
1 
p3= 1 = Pr ww 0.7276 
Ni 


where the normalization constant 1/N/’ ~ 0.7276. The above mixing parameters (31, 32, 83 and (3), 34, 34 are 
governing the mixing among neutral fields W,, Wr and Xp_z which we studied in §|13.2/and thereby they are 
related with the previously defined vector and axial-vector couplings in eq. (13.6). We find it appropriate to study 
the vector and axial-vector couplings in terms of the above evaluations of (1, 32, 83 and (1, 64, 05. But first of all 
these mixing parameters must be evaluated at the same mass scale, preferentially at the Fermi scale G before we 
collect them in the matrix in eq. (13.4). Using the input values in Table (15.4), we find 









































A 0.4812 0.4812 0.7326 we 
Z, | = | —0.8765 0.2642 0.4022 we (15.16) 
Zo 0 —0.8358 0.5490 | | Xp_z 








Note that all rows in the matrices are normalized properly to 1. The entries of the second row is as in eq. (15.14). 
The third rows is re-evaluated at the mass scale G. We need the inverse of this matrix to substitute the W,, Wr and 
Xp__z fields in term of the A, Z, and Z, fields into the interaction Lagrangian of the neutral currents in eq. (13.5). 
The inverse matrix reads 

















we 0.4812 —0.8765 0 A 

we || 0.4812 0.2642 —0.8358 Za (15.17) 

Xp 0.7326 0.4022 0.5490 Mie 
a 


The entries of this inverse matrix will be called m,;; with i, 7 = (1, 2,3). If we substitute the gauge fields W,, Wr 
and X p__, into the interaction Lagrangian of the neutral currents in eq. (13.5), we obtain 














; = il = “I 2 _ 
L=+4 ae (1-5) f Ls Wr + on f 1 +5) f RW + [2 o0-1Fy f(B-L)Xp-n + he 








. = J =. 
=+1 [au fu gl — 15) f Ls (my A+ m2 27, +13 Z2) + 9Rf Wp ia +5) f Rg (m1 A+ ma22 Z1 


1 _ 
+23 Z2) + 3 gp_-Lf Vp fXp_1z (B - L) (ms31 A+ m32 Z1 +™m33 Z2) + he 


(15.18) 


Herein f shortly denotes fermions. Note that the neutral isospin currents are projected through the projection 
operators Py, and Pp into J? and J}, respectively where Py,.p = (1 5) /2. The currents Jp_ yp, Jp and J? in 
SO(10) were given previously in eqs. (5.13) and (5.21) respectively. Note that the factor /3/2 in the first line 
above cancels out with the factor «/2/3 which comes from the expression for the Jg_,; current. We also receive 
a factor of 1/2 from the Jg_,, current which properly accounts for the charge relation 2Q = L3 + R3 + (B — L) 
where L3, R3 and (B — L) above are the eigenvalue operators. The above Lagrangian £ can be further organized 
into a more useful form. We have 





























_[c 1 1 
L=+i {Fr ((5 (gr mi L3 + grmai R3 + gp—-_ms1 (B— L)) + 3 (gr moi L3 — gr mi1R3) v5 Al 


1 1 
+ 5 (gr M12 Ls + grme22 R3 + gBp—L M32 (B— L)) — 3 (gr M12 L3 — grm22 Rs) vs ZY 


1 1 
+ E (gz M13 L3 + gr M23 R3 + gp—1tm33 (B— L)) — 3 (gz M13 L3 — gr™m23 R3) ws zt) oT he.} f 
(15.19) 
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Vector and Axial-vector Couplings of NC Currents in SO(10): 


VeVy Vr -0.371651 | -0.371654 | -0.507273 | 0.272296 


0.027337 | 0.371654 | 0.037319 | -0.272296 


-0.142108 | -0.371654 | -0.193971 | 0.272296 


0.256879 | 0.371654 | 0.350622 | -0.272296 





Tab. 15.5: Vector and axial-vector couplings of NC currents in SO(10). ef, and ch are the couplings for 21. 2 
and ay are the couplings for Z2 as defined in eq. (13.6). 








The above Lagrangian is identical with the one in eq. (13.6). Let us examine the first row which is nothing but the 
electromagnetic interaction Lagrangian £.,,. We should have 


(i) € = gL ™11 = GR™Ma1 = GB-L™31 and (i) IR mL3 — GL m11R3 =0 (15.20) 


The above equalities in (7) and (27) should hold regardless of their numerical values. They are algebraically always 
true since the U(1)g symmetry is unbroken. Nevertheless with respect to our input values in Table (15.4), we find 
that the first equalities in (7) hold with an error of one part in 10~° and the latter equality in (ii) holds with an error 
of 4 parts in 10~°. Both conditions hold very accurately. Consequently we can factor out e so that the sum of the 
L3, Rs and (B — L) eigenvalue operators make the electric-charge eigenvalue operator 2 Q. Thereby the first line 
reproduces the electromagnetic interaction Lagrangian. From the other side the matrix elements in the second and 
third line above can be set equal to the previously defined vector and axial-vector couplings in eq. (13.6). We have 

















a = gi M12 L3 + gR M22 R3 + gB—Lms32 (B- L) 
ch, = gr m2R3 — grma2L3 

(15.21) 
cf, = gz mi3 L3 + gras Rs + gp—1 mss (B — L) 


ch, = gt M13 L3 — grmo3 Rg 


These equations require some special care during any evaluation. Since we are used to assign fermions the 
quantum numbers as in the standard model, we remind the reader: For example if f is an up-quark (u), it will 
posses the charges D3 = 1/2, Rg = 1/2 and B — L = 1/3. If f is a down-quark (d), it will posses the charges 
L3 = —1/2, Rg = —1/2 and B — L = 1/3. On the other side if f is an up-lepton (v), it will possess the charges 
L3 = 1/2, Rs = 1/2 and B — L = —1. If f is a down-lepton (e), it will posses the charges L3 = 1/2, Rs = 1/2 
and B — L = —1. Note that the electric charges of fermions are obtained trough (1/2)(Z3 + R3 + (B — L)) 
since we deal with fermions (jf) and not with chiral states f; or fz (see remark at the end of this section). With 
this token, we can evaluate the above expressions of cl, ch, d,, and ch, using the values of m,; in eq. (15.17) and 
the values of the coupling strengths g7, gr and gp_r at the mass scale G as given in Table (15.4). Note that the 
index 7 in m,; runs along the row elements and 7 along the column elements. The values of these couplings are 
summarized in the Table. (15.5). At this stage we can ask ourselves whether the above values of the vector and 
axial-vector couplings of Z; in SO(10) are the same with those of the Z boson of the electroweak theory. Let us 
call the latter couplings as CL and GL with a capital C’ to avoid any confusion in advance. Indeed we have to 
remember that the vertex for NC currents in the electroweak theory is given through 


20 1 
~ 1s (cf - chs) (15.22) 
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Vector and Axial-vector Couplings of NC Currents in SO(10) 
A Comparison with the Electroweak Theory 


Vey Vy, Vr 0.5000040 | 0.500004 | 0.682458 | -0.366333 


-0.0367777 | -0.500004 | -0.050207 | 0.366333 


0.1911852 | 0.500004 | 0.260958 | -0.366333 


-0.3455928 | -0.500004 | -0.471708 | 0.366333 








Tab. 15.6: Vector and axial-vector couplings of NC currents in SO(10) divided by a factor of tm appearing as 
vertex factor in the electroweak theory. See explanation on page |109 





where g is the weak coupling constant and 0, is the Weinberg mixing angle and cl and CG, are the vector and 
axial-vector couplings non of which should be confused with those of the SO(10) model. Now to make it easy to 
compare the above ef, and cf, couplings of the SO(10) model evaluated from the expressions in eq. (15.21) with 
those of the electroweak theory, we will divide the values in Table (15.5) through the factor 


























—9g 
x —0.743302 15.23 
COS Oy, ( ) 

















These values are summarized in Table. (15.6). We see from Table (15.6) that the vector and axial-vector couplings 
of the Z boson in the electroweak theory and those of the Z; boson in the SO(10) theory are in good agreement 
with respect to our evaluations. From the other side the Zz boson would be to heavy to be produced in current 
accelerators. Therefore any mismatch between the vector and axial-vector couplings of the SO(10) theory and the 
electroweak theory could be searched in precision experiments as an indication for physics beyond the standard 
model. 





Remark : Incase that we use fermion fields which are handed like f, or fr, the electric-charge relation reads 


(B-L) 


Q=LI3+ R3+ 5 


(15.24) 
But in our interaction Lagrangian the currents couple to f and not to fz or to fr. Therefore the electric-charge 
relation reads 

D3 + R3 + (B oa L) 
—— 
which can be verified to hold. Let us give an example: uz has D3 = 1/2, Rg = Oand B— L = 1/3. Andu 
has L3 = 1/2, Rg = 1/2 and B — L = 1/3. Both yield Q = 2/3. This is also dictated to us by the interaction 
Lagrangian in eq. (15.19). Note that the factor 1/2 in the first term in eq. (15.19) correctly multiplies 2 Q and 
reproduces the correct electromagnetic interaction Lagrangian: 


(15.25) 








Lem = +if{e (fuQs) AX +hc.} (15.26) 


15.3.3. The CP-Phases of the Charged and Colored Fields in SO(10) 





In this section, we will evaluate the phases ¢), ¢2 and ¢3 which resulted from the mass-squared matrix in § 11.3 
The expression of these phases were given in eqs. (11.26) and (11.27). ¢; one appeared in the expression of Wy" 























110 
































and W5" in eqs. (11.20) and (11.20) and thereby entered the Lagrangian of charged currents given in eq. (13.3). 
It is a source for CP violation. The latter two phases appeared in the expressions of W4,..., Wz in eqs. (11.22) 
and entered the Lagrangian of charged and colored currents given in eq. (13.12). These are also sources for CP 
violation. Using the input values in Table (15.4), we obtain 



































Charged currents { q = -_ 
T 
ar (15.27) 


Charged + colored currents i 
¢3 = arctan(—cot 3) = ar 
where we have 3 + y = 7/2. 


15.3.4 The Mixing Angle and CP-Phase of Neutrinos in SO(10) 


We will evaluate two more parameters. These are the mixing parameter £4 and the phase C4 which originated 
from the neutrino mass matrix in eq. (12.8). They determine the complex mixing of the Majorana-neutrino flavor- 
eigenbasis. The expressions for €4 and C4 are given in eq. (12.13) and (12.14) respectively. Using again the input 
values in Table (15.4), we obtain 



































(15.28) 











We have previously constrained cos(a + 8) and cos(a@ — 6) as in Table (15.2). Therefore the angles a, @ and 6 
were separately not assigned any definite value. Consequently we have a = a + 6. Through this relation ¢4 in 
eq. (12.13) reduces to 6. As a result, we have here a free parameter which should be adjusted further. 

It can be verified from eq. (12.12) that for the above value of £4, v,, becomes practically left-handed and v,, 
becomes right-handed. Any experimental evidence indicating a non-zero value of €4 would suggest that neutrinos 
have both Dirac and Majorana Masses. Of course this would require precision experiments. 
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16. CONCLUSION AND OUTLOOK 


In this work we have studied SO(10)-grand unification with emphasis on fermion masses. We started our excursion 
by introducing the essential ingredient required for the construction of an SO(10) theory of gauge interactions. 
In this respect, we introduced three different bases which produce different, but physically equivalent spinorial 
representations of the SO(10) gauge group. We studied the structure of the SO(10) gauge group by presenting 
the general form of all the fields and generators. We derived the physical charges of these gauge fields and their 
decompositions with respect to various sub-symmetries through certain commutation relations. We presented the 
explicit matrix representation of the gauge term which acts on the family spinor. We have derived the eigenvalue 
operators that produce the charges of the fermions, and showed that the family spinor contains all the known 
fermions of a single generation. Using the transformation properties of the SO(10) spinorial representation, we 
showed that SO(10) gauge interactions are C’, P and C’P invariant in the unbroken phase. Prior to any symmetry 
breakdown, we studied the interaction Lagrangian of the SO(10) theory in the flavor basis, and we derived all 
the interaction vertices between fermions and gauge fields: in the light of this analysis, we showed that these 
currents conserve baryon minus lepton number, but separately violate baryon and lepton numbers at the vertices. 
We showed that the color carrying currents mediate various nucleon decays. Prior to any spontaneous symmetry 
breakdown, we showed how the electromagnetic current is formally contained by the SO(10) theory. We have 
shown how the single gauge coupling g, defining the strength of SO(10) gauge interaction is related with relative 
gauge couplings that are assigned to the unitary subgroups of the SO(10) gauge group. 

Starting from § 6) until §10] we studied the Higgs fields that transform under the SO(10) symmetry, in order 
to implement them in the Higgs mechanism. Through a detailed analysis, we sorted out the Higgs scalars which 
can be utilized in the Higgs mechanism and in the Yukawa sector. We studied the charges and the decomposi- 
tions of these Higgs scalars. We constructed a suitable Higgs Lagrangian whose potential part consisted of those 
Higgs multiplets which we regarded as physically most relevant. These Higgs multiplets were summarized in 
Table (11.1). We have illustrated in Fig. (11.1), how these multiplets relate certain descents in the Higgs mecha- 
nism. We studied the minimum of the potential part of the Higgs Lagrangian, and showed that the minimum of 
the Higgs field describes a left-right asymmetric vacuum. Since the Higgs couplings were unknown, we couldn’t 
evaluate the vacuum expectation values from the minimum of the Higgs potential despite of the fact that we have 
been able to solve the vevs from the minimum. On the other side, we studied the kinetic part of the Higgs La- 
grangian and obtained a mass-squared matrix of the gauge fields. From the mass-squared matrix, we derived the 
mass-eigenstates and mass-eigenvalues of the physical gauge fields. We have shown that these expressions, which 
contain the mixing parameters and phases due to a complex mixing, depend on the vevs and the coupling strengths 
given by the SO(10) theory. After that we found the physical gauge fields, we have been able to reexpress the 
physical currents of the SO(10) theory by replacing the gauge fields with the physical gauge fields in the relevant 
interaction Lagrangian. Consequently, we obtained the charged currents (CC) in the SO(10) theory which are 
responsible for weak interactions: In this extended version of the weak interaction Lagrangian, the physical gauge 
fields W;, coupled not only to left- but also to right-handed currents, but with different strengths. We have shown 
that the lighter couples dominantly to left-handed currents and the heavier dominantly to right-handed currents. 
We have shown that this weak interaction Lagrangian is not C’, P and C’P invariant. 

We have found that there are two neutral currents (NC’s) in the SO(10) theory. These NC’s are mediated 
by the Z; 2 physical gauge fields. We obtained the expressions of the vector- and axial-vector couplings of these 
neutral currents in terms of the vevs and coupling strengths. We have shown that the vector- and axial-vector 
couplings of the lighter gauge field are in very good agreement with those predicted by the Standard Model. We 
concluded that the neutral current mediated by the heavier Z2 is anew (NC) current beyond the Standard Model. 
We obtained S'O(10) currents that simultaneously carry charge and color, which are responsible for nucleon de- 
cays. We briefly considered how these currents can account for the observed baryon asymmetry in nature through 
investigating the partial decay rates of scalars into quarks and leptons. 

Beside the Higgs-sector, we studied the Yukawa-sector. We derived explicit expressions for fermion masses 
of the third generation by coupling the Higgs fields to the fermions through a democratic Yukawa coupling. We 
obtained expressions for the Dirac masses of the charged fermions. On the other side, we obtained expressions 
for the Dirac and Majorana masses of neutrinos. We introduced a flavor-eigenbasis for neutrinos and derived the 
mass-eigenstates and mass-eigenvalues of the neutrinos from a neutrino mass matrix. We have shown that the 









































physical neutrinos are not purely left- or right-handed but are rather mixtures, however we found that the mixing 
is extremely small. We found explicit expressions for C’P violation in the neutrino sector. 

A remarkable fact about SO(10) grand unification is that the parameter space is under determined. This means 
the number of observables are more than the number of input parameters which determine the values of these 
observables. The main shortcoming of SO(10) grand unification is our ignorance about the Higgs couplings. This 
compels us to determine the vevs and their phases indirectly. Another shortcoming of the SO(10) gauge theory is 
the determination of relative coupling strengths like gz, gr and gg_y at mass scales, at which the renormalization 
equations are no more exact. One can overcome this problem by extrapolating the values. To acquire the values of 
the vevs and the value of the grand unification coupling strength and as well as the relative coupling strengths we 
used two sources: 

First, we determined the vacuum expectation values and the coupling strengths of gauge interactions given 
by the S'O(10) theory through studying the mass scales in SO(10), in the framework of coupling unification. 
Complementarily, we determined the vacuum expectation values and their phases by adjusting them to the masses 
of the known gauge bosons and fermions below the Fermi scale which are accurately measured and known. 

In the remaining part of our conclusion, we find it appropriate to briefly review the numerical values of various 
important observables that we mainly derived in the previous chapter. Through our Ansatz : vz, vr = G? with 
vp = 1019-°+9-5 GeV from Table [14.1, we have been able to predict the quark and lepton masses at the grand 
unification mass scale Mg = 3.38 - 10° GeV via a democratic Yukawa coupling. We have renormalized these 
fermion masses using the QCD renormalization group equations and found that the SO(10) theory successfully 
predicts the masses of the third generation as summarized in Table[15.3! Using the same input values in Table[15.4) 
we obtained the masses of all the physical gauge bosons. We have been able to reproduce the W and the Z masses 
of the Standard Model in very good agreement with the experimental results, where the former was identified as 
the W, and the latter as the Z; physical gauge boson. The masses of the heavier W2 and the Zz are found to 
assume the values 4.03 - 10° GeV and 8.32 - 10° GeV respectively. 

We have found the mixing angle between the W;, and the Wp gauge fields as £; ~ 0.02631, which tells us 
that the C'C currents predicted by the SO(10) theory are not in conflict with the current experimental status. We 
have found that the color and charge carrying gauge fields, which we denoted with W3,...,W7 have the mass 
1.76 - 10'° GeV, except for We which is lighter and assumes the mass 2.74 - 101° GeV. Since We mediates B — L 
violating interactions, we conclude that it gives rise to relatively faster nucleon decay processes in the leptonic 
channel. These processes will have a decay rate ~ 104 times faster. 

We have obtained the C'P-phases that enter the interaction Lagrangians using the same input values in Table 
[15.4] We have found that the C P-violating phase in the CC currents and as well as in the colored and charged 
currents equals to 7/4. 

We find it appropriate to mention here that the values of the angles 0,6 and a, which we determined as in 
in Table [15.4] have almost no influence on the gauge boson masses and the mixing parameters. In contrast they 
influence the fermion masses very strongly. Therefore a careful study of the angles 0,6 and a might improve the 
value of the C P-violating phase accordingly. This should be investigated further. 

The fermion masses of the first and second generation can not be found unless we relinquish to use the demo- 
cratic Yukawa coupling. We are convinced that the masses of the first and second generation can be obtained 
through breaking the flavor symmetry by introducing small perturbation terms into the democratic Yukawa cou- 
pling as suggested by H. Fritzsch and D. Holtmannspotter in ref. [77]. The Breaking of the subnuclear democracy 
might be the origin of flavor mixing. This should be considered further in the framework of the SO(10) gauge 
theory. 
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APPENDIX 


A. CONVENTIONS AND TOOLS 


Quantum numbers of Tensors 


A tensor whee transforming as 


kl... k yrl pyr yrs mn... 
De Ue Ue cect (A.1) 
where UF, = [ exp (i Nav wap) |X, has the same quantum numbers of a tensor with U* W'W,,. The charges of U* 
are 


Herein 6;; is the delta-Kroenecker and Q is the electric charge eigenvalue operator and Q; its i*” eigenvalue. The 
quantum numbers of ww, are 


Q (w*W'W,) = -—Qr- Qi + Qp (A.3) 


We can also have instead Q, one of the B — L, L3, Rg and Y eigenvalue operators in SO(10). The quantum 
numbers of a 32 x 32 matrix oy at each matrix site of the 45 representation are given in Appendix C. 


Tensor Product of Matrices 
If A and B are n x n and m x m matrices then the tensor product 
C=AxB (A.4) 
is an mn X mn matrix with elements 
Cap = Ar Bi; , a=mk-1)+i, B=m(l—-1)4+ 3 (A.5) 
or if A and B are 2 by 2 matrices 
Qi1b11 Giibig aigbir diz biz 
ii ( auiB ai2B ) di1b21 ai1b22 aigba1  aiz bee (A.6) 


a2B ag2B a21 64, 21612) d22b11 G22 di2 
a21 621 21 b22 d22b21 G22 ba2 


The product is not commutative but associative. 


Pauli matrices 


we(E A) o(28)me(Q4) as 
3 


(7°) = at (ys)" = 75> (y*)t = —yF k= 1,2, 


B. DECOMPOSITIONS OF THE 126 


The following complex scalar fields ® and lowering matrices I make the @- PT = 126. In all expressions ¥;;43m = 
DjPjCxl iP m and all d:;x1m are real scalar fields where 7, 7,k,1,m = (1,...,10) andT,, € SO(10) basis. The 
fields and lowering generators carry the same upper-script as assigned before. Lower-scripts indicating quantum 
numbers are this time suppressed. 


1 
cay g 
32°" 


We start with |f states of (2,2, 15) (see eq. |7.10). 


The following complex scalar fields and lowering matrices make the (| |) states (2, 2, 15) (see eq. 


10 
[Gitte T Tim l= SS) Chums t4AI ARAL AM 


ij,.klym=1 











+1 $12359 + 12369 + 12459 — ¢ 12469 + 1435789 + 36789 + 45789 — ¢ 46789 

— 123510 + ¢ 6123610 + ¢$124510 + 4124610 — $357810 + 7 367810 + 4 457810 + $467810 
+t 712359 + 712369 + 712459 — ¢ 712469 + 7735789 + Y36789 + 745789 — ¢ 746789 

—7123510 + 47123610 + ¢7124510 + 7124610 — 7357810 + 47367810 + ¢ 457810 + 7467810 
—i 13459 — 13469 — + ¢15789 — 16789 — 623459 + ¢ 23469 — 25789 + ¢ 26789 
+4134510 — 44134610 + 157810 — ¢ $167810 — ‘234510 — 4234610 — 44257810 — 267810 
—? 713459 — 713469 — 4715789 — 716789 — 723459 + *723469 — 725789 + 4726789 
+7134510 — #7134610 + 7157810 — ¢ 7167810 — ? 234510 — Y234610 — 4257810 — 7267810 
—? 13569 + + $13789 + $14569 — 14789 — 23569 + 423789 — * 24569 + ¢ 24789 
+4135610 — #137810 + 7 145610 — ¢ 147810 — + 235610 + ¢ 4237810 + $245610 — $247810 
—2 713569 + 4713789 + 714569 — 714789 — 723569 + 723789 — ¢Y24569 + ¢ 724789 
+7135610 — 7137810 + ¢7145610 — 47147810 — * 235610 + 47237810 + 7245610 — 7247810 
—t 12359 + 412369 + 12459 + 7 $12469 — ¢ 35789 + 36789 + 445789 + 4 646789 
+4123510 + ¢ 123610 + 4124510 — 124610 + 357810 + ? 367810 + ¢ 4457810 — $467810 
—2 712359 + 712369 + 712459 + 7712469 — 7735789 + 736789 + 745789 + * 746789 

+7123510 + ¢ 7123610 + #7124510 — 7124610 + 7357810 + ¢¥367810 + ¢ 7457810 — ¥467810 
+1 $13459 — 613469 + ¢ 15789 — 16789 — 623459 — 1 623469 — 425789 — * 426789 

— 134510 — +$134610 — 157810 — ¢ 167810 — ¢ 234510 + 234610 — 4257810 + 267810 
+t 713459 — 713469 + 715789 — 716789 — 723459 — ? 723469 — 725789 — + 726789 
—7134510 — 47134610 — 7157810 — * 7167810 — ¢ 7234510 + 7234610 — ¢ 7257810 + 7267810 
+1 13569 — 7413789 + 14569 — 14789 — 23569 + 23789 + ¢ 24569 — * 24789 



































+t 713569 — 7713789 + 714569 — 714789 — 723569 + 723789 + ¢ 724569 — 4724789 

—7135610 + 7137810 + 77145610 — ¢ 7147810 — +% 7235610 + ¢ Y237810 — 7245610 + 7247810 
—$12349 — $12789 — 34569 — 56789 — ¢ 123410 — ¢ 127810 — * 4345610 — 4 567810 
—712349 — 712789 — 734569 — 756789 — ¢ 7123410 — 47127810 — *¥345610 — 4567810 
+12569 — 12789 — 34569 + 34789 + ¢ 125610 — 4 127810 — ¢$345610 + 4 $347810 
+712569 — 712789 — 734569 + 734789 + 47125610 — * 7127810 — 47345610 + * Y347810 

+1 13569 + ¢ 413789 + 14569 + 14789 + $23569 + 23789 — ¢ $24569 — ¢ 24789 

— 135610 — 137810 + ¢ 145610 + ¢ $147810 + 4 4235610 + ¢ 4237810 + $245610 + $247810 
+t 713569 + 7713789 + 714569 + 714789 + 723569 + 723789 — 7724569 — ¢ 724789 

—7135610 — 7137810 + 47145610 + ¢ 7147810 + ¢ 7235610 + 7 7237810 + 7245610 + ¥247810 
—i 13459 + 13469 + 415789 — 16789 — 23459 — ¢ 623469 + 425789 + ¢ 26789 
+4134510 + ¢ 134610 — 157810 — ¢ 167810 — + 4234510 + 234610 + 44257810 — $267810 
—t 713459 + 713469 + 4715789 — 716789 — 723459 — 4 723469 + 725789 + 4726789 

+7134510 + ¢ 7134610 — 7157810 — 47167810 — ? 234510 + 7234610 + * Y257810 — 7267810 
—t 12359 + 412369 — 12459 — ¢ 12469 + 4435789 — 636789 + 645789 + ¢ 46789 
+4123510 + ¢ $123610 — ¢ 124510 + $124610 — $357810 — ¢ 367810 + 4457810 — $467810 
—? 712359 + 712369 — 712459 — 7712469 + 7735789 — 36789 + 745789 + 4 746789 

+7123510 + ¢ 7123610 — ¢7124510 + 7124610 — ¥357810 — * 7367810 + ¢ ¥457810 — 7467810 
—t 13569 — ¢ 13789 + 614569 + 14789 + 623569 + 23789 + ¢ 24569 + 4 624789 
+4135610 + $137810 + ¢ 4145610 + ¢ 4147810 + 4 235610 + 4 237810 — 245610 — $247810 
—2713569 — + 713789 + 714569 + 714789 + 723569 + 723789 + ¢ Y24569 + * 724789 

+7135610 + 7137810 + #7145610 + 7147810 + 7235610 + ¢ 237810 — 7245610 — 7247810 
+1 $13459 + 13469 — ¢ 15789 — 16789 — 23459 + ¢ 23469 + 425789 — * 26789 
—¢134510 + ¢ 134610 + $157810 — ¢ 167810 — ¢ 234510 — 234610 + 4? 257810 + 4267810 
+t 713459 + 713469 — 4715789 — 716789 — 723459 + 4723469 + 725789 — 4726789 
—7134510 + ?7134610 + 7157810 — ¢ 7167810 — 47234510 — 7234610 + 47257810 + 7267810 
+1 $12359 + 12369 — $12459 + ¢ 12469 — 1 35789 — 36789 + 445789 — * 46789 
— 123510 + ¢ 6123610 — 44124510 — 124610 + 357810 — ¢ 367810 + 4? 457810 + 4467810 
+4 712359 + 712369 — 712459 + ¢ 712469 — 7735789 — ¥36789 + 745789 — + 746789 
—7123510 + #7123610 — 47124510 — 7124610 + 7357810 — 47367810 + 4 7457810 + 7467810 
—$12349 + 12569 + 12789 + 34569 + 34789 — 56789 — ¢%123410 + 4 $125610 

+4 $127810 + ¢ 4345610 + ¢ $347810 — 4 567810 

—712349 + 712569 + 712789 + 734569 + 734789 — 756789 — ¢ 7123410 + ¢ 7125610 

+t 7127810 + 77345610 + ¢ 7347810 — 4567810 






















































































+¢ 912357 — $12358 + $12367 + ¢ 12368 + 612457 + ¢ 12458 — ¢ 12467 + 12468 

+i 4357910 — 358910 + 4367910 + ¢ 368910 + $457910 + ¢ $458910 — + $467910 + $468910 
+4 712357 — 712358 + 712367 + ¢ 712368 + 712457 + 4712458 — 712467 + 712468 

+4 7357910 — 7¥358910 + ¥367910 + ¢ ¥368910 + 7457910 + #7458910 — ? 7467910 + 7468910 
—1 $13457 + 13458 — $13467 — 1413468 — 623457 — 7 623458 + ¢ 623467 — $23468 

—1t 157910 + 158910 — 167910 — ¢ 4168910 — 257910 — * 258910 + ¢ 267910 — 268910 
—1 713457 + 713458 — 713467 — 4713468 — 723457 — 7723458 + ¢ 723467 — 723468 
—47157910 + 7158910 — 7167910 — 47168910 — 7257910 — ¢ 7258910 + ¢ 7267910 — 7268910 
—1 13567 + 13568 + $14567 + 1 ¢14568 — 623567 — 1623568 — 4 ¢24567 + 24568 

+é 137910 — $138910 — 147910 — #148910 + 4237910 + ¢ 238910 + 4 $247910 — 248910 
—7 713567 + 713568 + 714567 + 4714568 — 723567 — 7723568 — + 724567 + 724568 

+t 7137910 — 7138910 — 7147910 — * 7148910 + 7237910 + ? ¥238910 + 47247910 — 7248910 




















— 135610 + 137810 + 4 145610 — ¢ 147810 — +7 235610 + 4 237810 — $245610 + 247810 








(B.1) 


et = ~i $12357 + 412358 + 12367 + i $12368 + ¢12457 + i 12458 + i 12467 — ¢12468 


















































































































































—? 4357910 + 358910 + 4367910 + ¢ 368910 + 4457910 + ¢ 458910 + ¢ 467910 — $468910 
re = ~iy12357 + 712358 + 712367 + tv12368 + 712457 + tv12458 + 112467 — 712468 
—2 7357910 + ¥358910 + 7367910 + ? 7368910 + 7457910 + * 7458910 + 47467910 — 7468910 
@5 = +4 413457 — 13458 — 13467 — ¢ 13468 — 23457 — i $23458 — i 23467 + 23468 
+7 157910 — 158910 — 167910 — 7168910 — 257910 — ¢ 258910 — * 4267910 + 268910 
rm = +7713457 — 713458 — 713467 — 713468 — 723457 — 7723458 — + 723467 + 723468 
+7 7157910 — 7158910 — 7167910 — ¢ 7168910 — 7257910 — + 7258910 — 47267910 + 7268910 
e& = +4 413567 — ¢13568 + 14567 + 1 ¢14568 — 23567 — 7 $23568 + ¢ 624567 — $24568 
—7 137910 + 4138910 — 147910 — ¢ 4148910 + 237910 + ¢ 6238910 — 4247910 + $248910 
re = +%713567 — 713568 + 714567 + ¢ 714568 — 723567 — ¢ 723568 + ¢724567 — 724568 
—4 7137910 + 7138910 — 7147910 — 47148910 + 7237910 + ¢ ¥238910 — 7247910 + ¥248910 
a? = ~$19347 — i $12348 — 434567 — 1 $34568 — 127910 — 1128910 — 4567910 — 7568910 
rv = ~7129347 — 1712348 — 734567 — 1734568 — 7127910 — 17128910 — 7567910 — ¢ ¥568910 
e8§ = +$12567 + i ¢12568 — 34567 — 1 ¢34568 — 127910 — i 128910 + 4347910 + ¢ 348910 
v8 =  +712567 + 1712568 — 734567 — 1734568 — 7127910 — ¢ 7128910 + 7347910 + ¢ 7348910 
29 = +i 413567 — 413568 + 14567 + i $14568 + 423567 + i 23568 — i $24567 + 24568 
+7 137910 — 138910 + 147910 + ¢ $148910 + 237910 + ¢ 238910 — ¢ 4247910 + 248910 
r9 = +713567 — 713568 + 714567 + ¢v14568 + 723567 +t v23568 — i 724567 + 724568 
+4 7137910 — 7138910 + 7147910 + ¢ 7148910 + 7237910 + * 7238910 — ? 7247910 + 7248910 
e10 = ~i $13457 + 413458 + 13467 + i $13468 — $23457 — i 423458 — t d23467 + 23468 
+7 157910 — 158910 — 167910 — #168910 + 4257910 + ¢ 258910 + 4 267910 — 268910 
rio0 = —7 713457 + 713458 + 713467 + *713468 — 723457 — * 723458 — + 723467 + 723468 
+% 7157910 — 7158910 — 7167910 — ‘7168910 + 7257910 + ¢ 7258910 + ¢ 7267910 — 7268910 
ell = ~i $12357 + 412358 + 12367 + i $12368 — $12457 — 1 $12458 — t d12467 + 12468 
+7 6357910 — $358910 — 367910 — ¢ 368910 + $457910 + ¢ 458910 + ¢ 467910 — $468910 
rh = —? 712357 + 712358 + 712367 + 4712368 — 712457 — 4712458 — + 712467 + 712468 
+% 7357910 — Y358910 — Y367910 — ¢ 7368910 + 7457910 + * 7458910 + ¢ 7467910 — 7468910 
12 = ~i¢13567 + 13568 + 14567 + ¢ ¢14568 + $23567 + ¢ d23568 + i ¢24567 — $24568 
—7 137910 + 4138910 + 147910 + ¢ 148910 + 4237910 + ¢ 238910 + 7 $247910 — 248910 
ri? = ~i413567 + 713568 + 714567 + ¢ 714568 + 723567 + 4723568 + 4724567 — 724568 
—4 7137910 + 7138910 + 7147910 + 47148910 + ¥237910 + 77238910 + 47247910 — 7248910 
13° = +i 413457 — 413458 + 13467 + i $13468 — $23457 — i $23458 + i $23467 — $23468 
—i 157910 + 4158910 — 167910 — ‘ 168910 + 257910 + ¢ 6258910 — 4 4267910 + 268910 
pe = +7713457 — 713458 + 713467 + * 713468 — 723457 — 1723458 + + 723467 — 723468 
—7 7157910 + ¥158910 — 7167910 — * 7168910 + Y257910 + 4 7258910 — 47267910 + 7268910 
el4 = +i db12357 — $12358 + 12367 + i $12368 — 412457 — ¢ ¢12458 + i $12467 — 12468 
—1 357910 + 358910 — 367910 — * 368910 + 457910 + ¢ 6458910 — 4 467910 + 468910 
it = +7 712357 — 712358 + 712367 + ¢ 712368 — 712457 — ¢ 712458 + #712467 — 712468 
—1 357910 + 358910 — 7367910 — 7368910 + 457910 + 4 7458910 — 47467910 + 7468910 
a5 = ~$12347 — 1¢12348 + $12567 + i ¢12568 + 34567 + ¢ 34568 + 127910 + 14128910 
is +347910 + $348910 — 567910 — 4 568910 : : 
Y = —712347 — ¢712348 + 712567 + ¢712568 + 734567 + 734568 + Y127910 + 4 7128910 
+7347910 + 47348910 — 7567910 — + 568910 














The following complex scalar fields and lowering matrices make the ({|) states (2,2, 15) (see eq. 












































































































































oe! =  +i12359 + ¢12369 + 12459 — 1 612469 + i 435789 + 36789 + 445789 — i $46789 
— 123510 + ¢ 123610 + ¢ 124510 + 4124610 — 357810 + ¢ 367810 + 4 457810 + 467810 
rl = +4 12359 + 712369 + 712459 — ‘712469 + 1735789 + 736789 + 745789 — ‘746789 
—7123510 + ¢ 7123610 + 47124510 + 7124610 — 7357810 + ¢ 7367810 + ¢ ¥457810 + 7467810 
22 = ~-i $13459 — $13469 — it $15789 — 16789 — 423459 + i ¢23469 — 25789 + i 426789 
+4134510 — 134610 + 4157810 — ¢ 167810 — 4 234510 — 234610 — 7 257810 — 267810 
r2 = -4713459 — 713469 — +715789 — 716789 — 723459 + + 723469 — 725789 + + 726789 
+7134510 — 77134610 + 7157810 — 77167810 — #7234510 — 7234610 — * 7257810 — ¥267810 
23) = -i $13569 + i 413789 + $14569 — 14789 — 23569 + 423789 — i $24569 + 1 $24789 
+4135610 — 137810 + ¢ 145610 — ¢ 4147810 — +4 4235610 + ¢ 6237810 + $245610 — $247810 
r3 = ~i 713569 + 1713789 + 714569 — 714789 — 723569 + 723789 — ¢ v24569 + ¢ 24789 
+7135610 — 7137810 + #7145610 — *7147810 — +4 7235610 + * 7237810 + ¥245610 — 7247810 
o4 = ~i 412359 + 12369 + 412459 + 4 $12469 — § $35789 + ¢36789 + 45789 + i $46789 
+4123510 + ¢ 123610 + ¢ 124510 — 124610 + 357810 + 7 367810 + 4 457810 — $467810 
r4 = ~i 712359 + 712369 + y12459 + 712469 — 7735789 + 736789 + 745789 + ¢ 746789 
+7123510 + ¢ 7123610 + ¢ 7124510 — 7124610 + 7357810 + 47367810 + ¢ Y457810 — 7467810 
2 = +4 413459 — 13469 + 1 $15789 — 16789 — 23459 — 1 $23469 — 425789 — i 426789 
— 4134510 — 14134610 — 157810 — 7167810 — ¢ 234510 + 4234610 — 4 $257810 + 267810 
re = +4713459 — 713469 + 4715789 — 716789 — 723459 — + 723469 — 725789 — 4726789 
—7134510 — +7134610 — 7157810 — * 7167810 — 7234510 + 7234610 — 47257810 + ¥267810 
e& = +i 413569 — 1413789 + $14569 — 14789 — 23569 + 423789 + i d24569 — 1 24789 
— 4135610 + 137810 + + 4145610 — 4147810 — ¢ $235610 + 4 237810 — $245610 + $247810 
ré = +% 713569 — 1713789 + 714569 — 714789 — 723569 + 723789 + i v24569 — ¢ 724789 
—7135610 + 7137810 + 47145610 — ¢ 7147810 — 7235610 + ¢ Y237810 — 7245610 + 247810 
oe? = ~$12349 — 12789 — 34569 — 56789 — ¢ 123410 — * 4127810 — +4 4345610 — ¢ $567810 
T7 = ~712349 — 712789 — 734569 — 756789 — 17123410 — #7127810 — +#7345610 — #1567810 
e8§ = +$12569 — $12789 — 34569 + $34789 + 1 ¢125610 — 1 4127810 — 1 $345610 + ¢ 347810 
r§ = +712569 — 712789 — 734569 + 734789 + t 7125610 — ‘7127810 — ‘7345610 + ‘7347810 
29 = +i 413569 +1 13789 + ¢14569 + 414789 + 423569 + 423789 — i $24569 — t 624789 
— 4135610 — 6137810 + ¢ 145610 + 4? $147810 + ¢ 235610 + ¢ 4237810 + $245610 + 247810 
r9 = +i 713569 + § 713789 + 714569 + 714789 + 723569 + 723789 — ¢ Y24569 — é 724789 
—7135610 — 7137810 + ¢ 7145610 + ¢ 7147810 + ¢ 7235610 + ? Y237810 + ¥245610 + 7247810 
10 = ~i 413459 + 413469 + 4415789 — 16789 — 23459 — 1 $23469 + 425789 + ¢ 626789 
+4134510 + ¢ 134610 — 4157810 — ¢ 4167810 — 7 234510 + 234610 + 44257810 — $267810 
ri0 = ~i713459 + 713469 + #715789 — 716789 — 723459 — ¢ 723469 + 725789 + 726789 
+7134510 + 7134610 — Y157810 — 47167810 — #234510 + 7234610 + 4 7257810 — 7267810 
ell = ~i $12359 + 412369 — 412459 — i ¢12469 + i $35789 — $36789 + 45789 + i 46789 
+4123510 + ¢ 123610 — 4 4124510 + 124610 — $357810 — ¢ 367810 + 4457810 — 467810 
rit = ~i-12359 + 712369 — 712459 — 1712469 + 1735789 — 736789 + 745789 + ‘746789 
+7123510 + 7123610 — 47124510 + 7124610 — 7357810 — 4 7367810 + 4 7457810 — 7467810 
212 = ~i $13569 — i 413789 + 414569 + 414789 + 23569 + 423789 + i d24569 + i $24789 
+4135610 + 137810 + 44145610 + ¢ 147810 + ¢ 235610 + 4 4237810 — $245610 — $247810 
ri2- = ~i713569 — ¢713789 + 714569 + 714789 + Y23569 + 723789 + i Y24569 + i 724789 
+7135610 + 7137810 + 47145610 + 47147810 + #7235610 + ¢ 7237810 — ¥245610 — 247810 
13 = +i 413459 + $13469 — 1415789 — 16789 — 23459 + 1 423469 + ¢25789 — i 226789 
— 134510 + ¢ 134610 + 4157810 — 167810 — ¢ $234510 — 234610 + 4 $257810 + 267810 
ri3- = +i713459 + 713469 — #715789 — 716789 — 723459 + ¢ v23469 + 725789 — 4726789 
—7134510 + 47134610 + 7157810 — 47167810 — 47234510 — 7234610 + 47257810 + 7267810 
ol4 = +4 12359 + 12369 — 12459 + ¢ $12469 — ¢ $35789 — $36789 + 45789 — t o46789 
— 123510 + ¢ 123610 — ¢ 124510 — 124610 + 357810 — ¢ 367810 + 4 $457810 + $467810 
ri4 = +i712359 + 712369 — 712459 + 712469 — 1735789 — 36789 + 745789 — 4746789 
—7123510 + ¢ 7123610 — 47124510 — 7124610 + ¥357810 — ?'¥367810 + 4 7457810 + 7467810 
e15 = ~¢12349 + 412569 + 12789 + 34569 + 434789 — $56789 — 14123410 + i 125610 
+é 6127810 + ¢ 4345610 + ¢ $347810 — + 567810 
ri5 = ~712349 + y12569 + Y12789 + 34569 + 734789 — Y56789 — #7123410 + 47125610 
+4 7127810 + 47345610 + ¢ ¥347810 — ? Y567810 
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The following complex scalar fields and lowering matrices make the (fT) states (2,2, 15) (see eq. 











































































































































































































oe! = +i d¢12357 + 12358 + 12367 — i $12368 + $12457 — t 612458 — i $12467 — 12468 
—7 357910 — 358910 — 367910 + ¢ 4368910 — 457910 + ¢ $458910 + 4 $467910 + 468910 
rho =) +i712357 + Y12358 + 712367 — 712368 + 712457 — #712458 — ¢712467 — 712468 
—4 7357910 — ¥358910 — 367910 + 47368910 — 7457910 + * 7458910 + ¢ 7467910 + 7468910 
2 = ~i 613457 — $13458 — 13467 + 13468 — $23457 + ¢ ¢23458 + i $23467 + 423468 
¢ 157910 + 158910 + 167910 — ¢ 168910 + 4257910 — ¢ 4258910 — 4267910 — 268910 
r? = ~i 713457 — 713458 — 713467 + 4713468 — 723457 + 7723458 + ¢ 723467 + 723468 
#7157910 + 7158910 + 7167910 — + 7168910 + 7257910 — #258910 — ¢ 7267910 — ¥268910 
e3) = ~-i $13567 — 13568 + ¢14567 — ¢ 14568 — 23567 + i $23568 — i $24567 — 624568 
—7 137910 — 138910 + 147910 — ¢ 4148910 — 237910 + ¢ 238910 — ¢$247910 — $248910 
rs = —7 713567 — 713568 + 714567 — 7714568 — 723567 + 4723568 — 4724567 — 724568 
—4 7137910 — 7138910 + 7147910 — 47148910 — 7237910 + 47238910 — 7247910 — 7248910 
et = ~i $12357 — $12358 + 412367 — i 412368 + ¢12457 — 1 12458 +t b12467 + 12468 
7357910 + 358910 — $367910 + ¢ 4368910 — 457910 + ¢ 458910 — ¢ 467910 — $468910 
r4 = -i 712357 — 712358 + 712367 — 1712368 + 712457 — 1712458 + 7712467 + 712468 
77357910 + 7358910 — ¥367910 + ¢ Y368910 — Y457910 + ¢ 7458910 — ¢ 7467910 — 7468910 
@5 = +i 4613457 + 13458 — 13467 + i $13468 — $23457 + i 623458 — i $23467 — 23468 
—i ¢157910 — 158910 + 167910 — ¢ 168910 + $257910 — ¢ 258910 + 4 $267910 + 268910 
re = +i713457 + 713458 — 713467 + #713468 — 723457 + 1723458 — ¢723467 — 723468 
—4 7157910 — 7158910 + 7167910 — 47168910 + 7257910 — #7258910 + ¢ 7267910 + 7268910 
e& = +4 413567 + 13568 + ¢14567 — ¢ ¢14568 — 23567 + ¢ ¢23568 + 7 24567 + 424568 
* 137910 + 4138910 + $147910 — 7 148910 — 237910 + ¢ 238910 + ¢ 247910 + 248910 
re = +i 713567 + 713568 + 714567 — 1714568 — 723567 + i 723568 + i 724567 + 724568 
~7137910 + 7138910 + 7147910 — 47148910 — Y237910 + ¢ 7238910 + ¢ 247910 + 7248910 
e? = ~¢12347 + i $12348 — 434567 + 1 34568 + 4127910 — i 4128910 + 4567910 — * ¢568910 
tr? = ~7129347 + 1712348 — 734567 + 1734568 + 7127910 — 7 7128910 + 7567910 — * 7568910 
e8 = +$12567 — i ¢12568 — 434567 + 1 34568 + 4127910 — 4128910 — 347910 + ¢ 4348910 
r8 = +712567 — 1712568 — 734567 + 1734568 + 7127910 — #7128910 — 7347910 + ¢ 7348910 
e9 = +4 413567 + 13568 + ¢14567 — ¢ $14568 + 423567 — ¢ 623568 — i 24567 — $24568 
—t 137910 — 138910 — 147910 + ¢ 4148910 — 4237910 + ¢ 238910 + 4 247910 + 248910 
ro = +i713567 + 713568 + 714567 — 1714568 + 723567 — ‘723568 — ‘724567 — 724568 
—4 7137910 — 7138910 — 7147910 + 47148910 — 7237910 + 4 7238910 + * 7247910 + 7248910 
10 = ~i $13457 — $13458 + ¢13467 — ¢ 613468 — 23457 + i $23458 — i $23467 — 623468 
—? 6157910 — 158910 + 167910 — 44168910 — 4257910 + * 258910 — ¢ 267910 — 4268910 
rio = —2 713457 — 713458 + 713467 — 7713468 — 723457 + + 723458 — * 723467 — 723468 
—47157910 — 7158910 + 7167910 — 47168910 — 7257910 + #7258910 — * 7267910 — 7268910 
ell = ~i $12357 — $12358 + 12367 — ¢ 12368 — 12457 + ¢ $12458 — i $12467 — 12468 
—7 $357910 — $358910 + 367910 — ¢ #368910 — $457910 + ? 458910 — ¢ 467910 — %468910 
pt = —2 712357 — 712358 + 712367 — 7712368 — 712457 + 4712458 — 7712467 — 712468 
—1? 7357910 — 7358910 + 7367910 — 7368910 — 7457910 + ¢ 7458910 — * 7467910 — 7468910 
12 = ~i¢13567 — ¢13568 + $14567 — ¢ 14568 + 23567 — 1 ¢23568 + ¢ $24567 + ¢24568 
* 137910 + 4138910 — 147910 + 4 148910 — 237910 + ¢ 4238910 — 7 $247910 — 248910 
ri? = ~i4y13567 — 713568 + 714567 — ¢ 714568 + 723567 — ¢ 723568 + ¢ 724567 + 724568 
77137910 + 7138910 — 7147910 + 47148910 — ¥237910 + ¢ 7238910 — * 7247910 — ¥248910 
13° = +i ¢13457 + 13458 + 13467 — ¢ $13468 — $23457 + i ¢23458 + i d23467 + 23468 
7157910 + 4158910 + 167910 — 7 168910 — 257910 + ¢ 258910 + ¢ 4267910 + 4268910 
ris = +7 713457 + 713458 + 713467 — * 713468 — 723457 + ¢ 723458 + 7723467 + 723468 
*7157910 + 7158910 + 7167910 — ¢¥168910 — 7257910 + 4 Y258910 + 4 7267910 + 7268910 
el4 = +i ¢12357 + 12358 + 12367 — ¢$12368 — $12457 + i ¢12458 + i $12467 + ¢12468 
7357910 + 4358910 + 367910 — 7 368910 — 457910 + ¢ 458910 + ¢ 6467910 + 468910 
ri4 = +7 712357 + 712358 + 712367 — + 712368 — 712457 + ¢ 712458 + 4712467 + 712468 
7357910 + 7358910 + Y367910 — 47368910 — 7457910 + ¢ Y458910 + ¢ 7467910 + 7468910 
15 = ~¢12347 + i $12348 + ¢12567 — i 12568 + 434567 — 1 $34568 — 127910 + ¢ 4128910 
— 4347910 + ¢ 348910 + 4567910 — 4 4568910 
ri} = -y19347 +4 12348 + 712567 — 4712568 + 734567 — 7734568 — 7127910 + * 7128910 
—7347910 + 47348910 + 7567910 — * 7568910 

















The following complex scalar fields and lowering matrices make the (0 {) states (1, 3, 10) (see eq.|7.3 













































































1 = ~¢13479 + i 13489 — 415679 + i 15689 + i 423479 + 23489 + i $25679 + 25689 

—%4 134710 — 134810 — ¢ 156710 — 156810 — 234710 + ¢ 6234810 — 4256710 + ¢ 256810 
rl = ~713479 + ¢713489 — 715679 + ¢ 715689 + 4723479 + 23489 + 4725679 + 725689. 

—# 7134710 — 7134810 — * 7156710 — Y156810 — 7234710 + 47234810 — 7256710 + 47256810 
22 = ~¢12379 + i $12389 + i $12479 + $12489 — $35679 + i 35689 + i $45679 + 45689 

—%4 $123710 — $123810 — $124710 + ¢ 4124810 — 4356710 — $356810 — 456710 + ¢ $456810 
r2 = ~112379 + ¢712389 + #712479 + 712489 — 735679 + + 735689 + + 745679 + 745689 __ 

—# 7123710 — 7123810 — ¥124710 + #7124810 — * 356710 — ¥356810 — 7456710 + 47456810 
23 = —$19579 + i ¢12589 + 1 $12679 + 412689 — $34579 + i d34589 + i 34679 + 434689 

—%4 125710 — $125810 — 126710 + ¢ 126810 — 4345710 — $345810 — 4346710 + ¢ $346810 
re = ~y12579 + iv12589 + 1712679 + 712689 — 734579 + 1734589 + + 734679 + 734689 | 

—%4 7125710 — 7125810 — 7126710 + ¢ 7126810 — ¢ 345710 — ¥345810 — 346710 + 4346810 
4 = ~$13479 + i ¢13489 + 15679 — ¢ 215689 — 1 23479 — 23489 + i $25679 + 25689 

—1 $134710 — 134810 + ¢ 4156710 + 156810 + 234710 — ¢ 4234810 — 4256710 + ¢ 256810 
r4 = ~713479 + i713489 + 715679 — 1715689 — 17123479 — 723489 + i 725679 + 725689 

—4 7134710 — 7134810 + 47156710 + 7156810 + 7234710 — ¢ 234810 — 7256710 + ¢ 7256810 
25 = +$12379 — 1 $12389 + 1412479 + $12489 — $35679 + i o35689 — i 45679 — $45689 

+é 123710 + 123810 — 4124710 + ¢ 4124810 — ¢ $356710 — 4356810 + 456710 — ¢ 456810 
r§ = +9712379 — ¢712389 + 1712479 + 712489 — 735679 + 1735689 — 1745679 — 745689 

#7123710 + ¥123810 — 7124710 + 47124810 — ¢ 7356710 — ¥356810 + 7456710 — ¢ 7456810 

2& = —$19579 + i ¢12589 — 1 412679 — 12689 + 34579 — i 34589 + 1 ¢34679 + $34689 

—%1 $125710 — 125810 + 126710 — ¢ 4126810 + ¢ 345710 + 4345810 — 4346710 + 4 346810 
r= 712579 + i712589 — 712679 — 712689 + 734579 — 1734589 + i 734679 + 734689 

—47125710 — 7125810 + 7126710 — 47126810 + 47345710 + ¥345810 — ¥346710 + ¢ ¥346810 
@7 = ~i 413579 — $13589 — 13679 + ¢ 413689 — $14579 + ¢ ¢14589 + 1 $14679 + $14689 

— 423579 + ¢ 23589 + + 623679 + 23689 + ¢ 24579 + 624589 + 24679 — 4 624689 





+4135710 — 4%135810 — ¢ 4136710 — 136810 — ¢ 4145710 — $145810 — 146710 + 4 4146810 
—t $235710 — $235810 — 236710 + + $236810 — $245710 + ¢ 245810 + ¢ 246710 + $246810 
I? = ~i+13579 — 713589 — 713679 + 7713689 — 714579 + 4714589 + i ¥14679 + 714689 
—723579 + 7723589 + 7723679 + 723689 + 4724579 + 724589 + 724679 — + 724689 
+7135710 — 47135810 — #7136710 — Y136810 — ?'Y145710 — 7145810 — 7146710 + #7146810 
—4 7235710 — ¥235810 — 7236710 + 47236810 — ¥245710 + 47245810 + * 7246710 + ¥246810 
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e8 =  -i$13579 — $13589 + 413679 — 1 613689 + $14579 — i $14589 + i 14679 + $14689 
—$%23579 + 1 $23589 — 7623679 — 423689 — 1$24579 — 24589 + 24679 — * d24689 
+4135710 — 14135810 + ¢ 4136710 + 136810 + ¢ 145710 + 145810 — 146710 + ¢ 4146810 
—t 235710 — 235810 + 4236710 — ¢ 6236810 + 245710 — ¢ 4245810 + ¢ 246710 + $246810 
r8 = -i 713579 — 713589 + 713679 — ¢ 713689 + 714579 — 714589 + #714679 + 714689 
—723579 + 4723589 — 723679 — 723689 — 7 724579 — 724589 + 724679 — 4 724689 
+7135710 — 47135810 + 47136710 + Y136810 + 47145710 + 7145810 — 7146710 + 7 7146810 
—? 7235710 — 7235810 + 7236710 — + 7236810 + 7245710 — + 7245810 + 47246710 + 7246810 
29 =  -i$13579 — 13589 + 413679 — 1 413689 — 14579 + i $14589 — 1 614679 — ¢14689 
+423579 — 723589 + ¢ $23679 + 423689 — 1%24579 — 24589 + $24679 — * 624689 
+4135710 — 74135810 + ¢ 4136710 + 136810 — ¢$145710 — $145810 + 4146710 — 4 4146810 
+4 $235710 + 235810 — 236710 + ? 236810 + 245710 — ¢ 6245810 + ¢ 4246710 + 246810 
r9 =~ 713579 — 713589 + 713679 — *713689 — 714579 + 7714589 — 4714679 — 714689 
+723579 — 7723589 + 7723679 + 723689 — 7724579 — 724589 + 724679 — * 724689 















































+7135710 — 47135810 + 47136710 + ¥136810 — #7145710 — 7145810 + 7146710 — 47146810 

+4 7235710 + 7235810 — ¥236710 + ? 236810 + Y245710 — ¢ 245810 + ¢ 7246710 + 7246810 
210 = -i $13579 — 13589 — 13679 + ¢ 413689 + 14579 — i $14589 — i ¢14679 — ¢14689 

+423579 — 723589 — 123679 — 23689 + 1 624579 + 24589 + $24679 — * 624689 

+4135710 — 4%135810 — ¢ 136710 — 136810 + 4 %145710 + 145810 + 4146710 — 4 4146810 

+? 6235710 + 235810 + 4236710 — ¢ 6236810 — 4245710 + ¢ 6245810 + 4 $246710 + 246810 
p10 = 1713579 — 713589 — 713679 + 7713689 + 714579 — +714589 — + 714679 — 714689 





+723579 — 1723589 — 723679 — 723689 + ¢ 724579 + Y24589 + 724679 — ¢ ¥24689. 
+7135710 — +7135810 — 7136710 — 7136810 + 47145710 + 7145810 + 7146710 — ¢ 7146810 
+4 7235710 + 7235810 + 7236710 — ¢7236810 — 7245710 + #7245810 + 47246710 + 7246810 














The following complex scalar fields and lowering matrices make the (0, A = 0) states (1,3, 10) (see eq. 










































































oe! = +i 413478 + 115678 + 423478 + 25678 — 14134910 — 1 156910 — 234910 — ¢256910 

rio = +i 713478 + 1715678 + 723478 + Y25678 — 17134910 — #7156910 — 7234910 — 7256910 

2 = +4 412378 + 12478 + 135678 + $45678 — ¢ 123910 — 124910 — ¢ ¢356910 — 456910 

r2 = +i712378 + 712478 + 1735678 + 745678 — #7123910 — 7124910 — 47356910 — 7456910 

o3 = +i $12578 + ¢12678 + 4 $34578 + 34678 — 1 ¢125910 — 126910 — ¢¢345910 — 346910 

r3 = +i-v12578 + 712678 + 1734578 + 734678 — 17125910 — 7126910 — 17345910 — 7346910 

e4 = +4 413478 — i ¢15678 — 23478 + 25678 — 1 $134910 + ¢ ¢156910 + 234910 — %256910 

r4 = +i713478 — 1715678 — 723478 + 725678 — 47134910 + 47156910 + 7234910 — 7256910 

25 = ~i $1237g + 412478 + 1 $35678 — 45678 + i 4123910 — 124910 — ¢ 4356910 + %456910 

ro = —-i 712373 + 712478 + 1735678 — 745678 + 17123910 — 7124910 — ‘7356910 + 7456910 

e& = +i 412578 — ¢12678 — 1 $34578 + 34678 — 1 $125910 + 126910 + + 345910 — $346910 

r& = +i-y12578 — 712678 — 1734578 + 734678 — 7125910 + 7126910 + 4 7345910 — 7346910 

®7 = ~$13578 +¢¢13678 + 4 ¢14578 + $14678 + ¢ 423578 + 23678 + 24578 — i 24678 
+4135910 — 14136910 — ¢ 145910 — $146910 — ¢ 235910 — 236910 — $245910 + 4 4246910 

rv = ~713573 + 1713678 + 1714578 + 714678 + 1723578 + 723678 + 724578 — ‘724678 
+7135910 — 47136910 — ? 7145910 — 7146910 — 4 ¥235910 — ¥236910 — 7245910 + #7246910 

e8§ = ~¢13578 — i ¢13678 — i ¢14578 + ¢14678 + 1423578 — 423678 — $24578 — i $24678 
+4135910 + ¢ 136910 + ¢ 145910 — 146910 — ¢ 235910 + 4236910 + $245910 + ¢ 246910 

r8 = ~713578 — 1713678 — 1714578 + 714678 + 723578 — 723678 — 724578 — i 724678 
+7135910 + ¢ 7136910 + ¢ 7145910 — 7146910 — #7235910 + 7236910 + 7245910 + ¢ 7246910 

29 = ~¢13578 — 1 ¢13678 +t ¢14578 — ¢14678 — 123578 + 423678 — $24578 — i $24678 
+4135910 + ¢ 4136910 — + 4145910 + 146910 + 44235910 — 4236910 + $245910 + ¢ 246910 

ro = ~713578 — 1713678 + 714578 — 714678 — 1723578 + 723678 — 724578 — i 724678 
+7135910 + ? 7136910 — 47145910 + 7146910 + * 7235910 — 7236910 + 245910 + ¢ 7246910 

10 = ~$13578 + + ¢13678 — + 14578 — 14678 — ¢ 23578 — 623678 + 24578 — * 624678 
+4135910 — 14136910 + ¢ 4145910 + 146910 + 4 4235910 + 236910 — 245910 + * 246910 
rt0 = ~913578 + #713678 — #714578 — 714678 — ¢ 723578 — 723678 + 724578 — 4 ¥24678 

+7135910 — ¢7136910 + 77145910 + 7146910 + ? 7235910 + 7236910 — 7245910 + 77246910 

















The following complex scalar fields and lowering matrices make the (0 |) states (1,3, 10) (see eq. 





1 = +413479 + i ¢13489 + ¢15679 + t ¢15689 — 123479 + $23489 — i 425679 + ¢25689 

—4 134710 + 134810 — ¢ 156710 + $156810 — $234710 — 7 234810 — 256710 — ¢ $256810 
rl = +713479 + 4713489 + 715679 + 7715689 — 1723479 + 723489 — ¢ 725679 + 725689 

—47134710 + 7134810 — 47156710 + 7156810 — 7234710 — + ¥234810 — 7256710 — * 7256810 
22 = +412379 + i ¢12389 — i ¢12479 + $12489 + 435679 + i 35689 — i $45679 + 45689 

—t 6123710 + 123810 — $124710 — +%124810 — + 356710 + 4356810 — 456710 — ¢ 456810 
r2 = +912379 + 4712389 — 1712479 + 712489 + 735679 + ¢ 735689 — 4745679 + 745689 

—# 7123710 + ¥123810 — 7124710 — ¢ 7124810 — * 356710 + Y356810 — 7456710 — 47456810 
a3 = +412579 + i ¢12589 — 1 ¢12679 + ¢12689 + ¢34579 + 1 $34589 — 1 $34679 + $34689 














3 —t 6125710 + 125810 — $126710 — + 126810 — * 345710 + 4345810 — 346710 — ¢ 346810 
Pr = +712579 + 7712589 — +712679 + 712689 + 734579 + 7734589 — 4734679 + 734689. 
—# 7125710 + 7125810 — 7126710 — 47126810 — 7345710 + 7345810 — 7346710 — 4346810 






































4 = +413479 + + 13489 — 15679 — ¢ ¢15689 + i 423479 — $23489 — i $25679 + 25689 

—%t $134710 + 4134810 + ¢ 4156710 — 156810 + 234710 + + $234810 — $256710 — ¢ 256810 
r4 = +713479 + 1713489 — 715679 — 1715689 + 723479 — 723489 — i 725679 + 725689 

—47134710 + 7134810 + 77156710 — 7156810 + 7234710 + ¢ 7234810 — 7256710 — ¢ 256810 
25 = -~¢12379 — i ¢12389 — i ¢12479 + 12489 + 35679 + i $35689 + i $45679 — $45689 

+é 123710 — 123810 — 124710 — ¢ 4124810 — ¢ 4356710 + 356810 + 456710 + 4 456810 
r5 = ~712379 — 1712389 — #712479 + 712489 + 735679 + 735689 + i 745679 — 745689 

+4 7123710 — 7123810 — 7124710 — 7124810 — 4 7356710 + ¥356810 + 7456710 + 4 7456810 
e& = +412579 + i ¢12589 + 1412679 — $12689 — $34579 — 1 $34589 — ¢ 34679 + $34689 

—%i $125710 + 4125810 + 6126710 + ¢ 4126810 + 7 $345710 — $345810 — $346710 — ¢ 346810 
r§ = +712579 + 1712589 + 1712679 — 712689 — 734579 — 1734589 — 734679 + 734689 

—47125710 + 7125810 + 7126710 + 47126810 + ¢ ¥345710 — Y345810 — 7346710 — ¢ Y346810 
7 = +44 413579 — 13589 + 13679 + ¢ 613689 + $14579 + 4 $14589 — + 14679 + 14689 








+423579 + ¢ 23589 — ¢ 623679 + 423689 — ¢ 424579 + 624589 — 24679 — * 24689 
+4135710 + ¢ 135810 — 4 4136710 + 136810 — ¢ 145710 + 145810 — 146710 — + $146810 
—%4 235710 + 235810 — 236710 — ¢ 236810 — 245710 — ¢ 245810 + ¢ $246710 — $246810 
r? = +4 713579 — 713589 + 713679 + i 713689 + 714579 + i y14589 — i 714679 + 714689 

+723579 + 4723589 — 723679 + 723689 — ? 724579 + 724589 — 724679 — * 724689. 
+7135710 + + 7135810 — 47136710 + 7136810 — * 7145710 + 7145810 — 7146710 — 4 7146810 
—1 7235710 + ¥235810 — ¥236710 — * 7236810 — ¥245710 — 77245810 + 47246710 — ¥246810 
8 = +4 413579 — ¢13589 — 13679 — ¢ ¢13689 — $14579 — ¢ ¢14589 — ¢ 614679 + ¢14689 
+423579 + ¢ 23589 + 623679 — 423689 + 1 $24579 — $24589 — 24679 — * 624689 
+4135710 + ¢ 135810 + ¢ 136710 — 136810 + ¢¢145710 — 145810 — 146710 — + 146810 
—1 235710 + 4235810 + $236710 + ¢ 4236810 + $245710 + ¢ $245810 + 7 $246710 — 246810 
r8 = +4 713579 — 713589 — 713679 — #713689 — 714579 — 7714589 — +714679 + 714689 

+723579 + 7723589 + 4723679 — 723689 + 4724579 — 724589 — 724679 — ¢ 724689. 
+7135710 + 77135810 + #7136710 — 7136810 + ¢ 7145710 — 7145810 — 7146710 — #7146810 
—4 7235710 + 7235810 + 7236710 + 47236810 + ¥245710 + 77245810 + 47246710 — 7246810 
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p10 


The following complex scalar fields and lowering matrices make the (A = 0, 0) states (3, 1, 10) (see eq. 











—# 7134710 — 7134810 4 
—$12379 + 7 $12389 + ¢ 











¢$123710 + 123810 
—712379 +t 712389 + 4 














alar fields and lowering matrices make the ({, 0) states (3, 1, 10) (see eq. 


+1 413579 — 13589 — 13679 — + 413689 + 14579 + ¢ 14589 + + ¢14679 — 14689 
—%23579 — 1 23589 — 7 23679 + 423689 + ¢ $24579 — 24589 — $24679 — * d24689 
+4135710 + ¢ 135810 + 44136710 — $136810 — ¢ 145710 + $145810 + ¢146710 + ¢ 4146810 
+4 $235710 — $235810 — $236710 — ¢ 236810 + 4245710 + ¢ 245810 + 4 $246710 — $246810 
+4713579 — 713589 — 713679 — + 713689 + 
—723579 — + 723589 — * 723679 + 723689 4 
+7135710 + #7135810 + 77136710 — 7136810 — +7145710 + 7145810 + 7146710 + #7146810 
+4 7235710 — 7235810 — 7236710 — ¢ 7236810 + 7245710 + 47245810 + * 7246710 — 7246810 
+1 13579 — 13589 + 13679 + ¢ 413689 — 14579 — ¢ $14589 + + ¢14679 — $14689 
—%23579 — ¢ 623589 + ¢ 23679 — 623689 — 1 $24579 + 24589 — $24679 — ¢ d24689 
+4135710 + ¢ 4135810 — ¢ 4136710 + 136810 + ¢ 4145710 — 145810 + 146710 + ¢ 4146810 
+4 $235710 — $235810 + 236710 + 7 236810 — $245710 — ¢ 245810 + 4 $246710 — 246810 
+4713579 — 713589 + 713679 + 7713689 — 714579 — *714589 + 4714679 — 714689 

—723579 — + 723589 + 7723679 — 723689 — ? 24579 + 724589 — 724679 — 4 724689 
+7135710 + 47135810 — 77136710 + 7136810 + #7145710 — 7145810 + 7146710 + 77146810 
+4 7235710 — 7235810 + 7236710 + + 7236810 — 7245710 — 77245810 + + 7246710 — 7246810 








+ 714579 + 7714589 + + 714679 — 714689 
+ 1924579 — 724589 — 724679 — * 724689 

















+413479 — 1613489 — 15679 + 7415689 — ¢ 23479 — $23489 + ¢ 625679 + 25689 

—1 4134710 — 134810 + ¢ 4156710 + 156810 — 234710 + ¢ 6234810 + 256710 — 4 256810 
+713479 — +713489 — 715679 + 4715689 — + 723479 — 723489 + * 725679 + 725689 

t 47156710 + 7156810 — ¥234710 + ¢ ¥234810 + 7256710 — ¢ 7256810 
$12479 + 12489 + 35679 — ¢ 35689 — + 45679 — 45689 

124710 — ¢¢124810 — 6356710 — #356810 — 456710 + 4 456810 


712479 + 12489 ar 35679 — 7735689 — 4745679 — 745689 





~7123710 + 7123810 


+712379 — 7712389 + 
—# 7123710 — 7123810 4 





+712579 — 7712589 + 
—# 7125710 — 7125810 4 








—4 7235710 — 235810 + 








+$12579 — + ¢12589 +4 
—4 125710 — 125810 + $12671 


+23579 — 7 $23589 + 7% 
— 4135710 + ¢ 4135810 — ¢ 4136710 — 4136810 — ¢¢145710 — 145810 + 146710 — # 146810 
+ 6236710 — 1236810 + 245710 — ¢ 6245810 + ¢ 246710 + 6246810 
—? 713579 — 713589 + 713679 — 7713689 + 714579 — 7714589 + + 714679 + 714689 

+723579 — 7723589 + + 723679 + 723689 + 4724579 + 724589 — 724679 + 7724689. 
—7135710 + #7135810 — #7136710 — 7136810 — #7145710 — 7145810 + 7146710 — 47146810 
t 236710 — 7236810 + 7245710 — 47245810 + ¢ 7246710 + 7246810 
—t 613579 — 613589 — $13679 + ?$13689 — 14579 + 1 14589 + 4 ¢14679 + 14689 
+23579 — ¢ 23589 — 123679 — 23689 — ¢ 24579 — $24589 — 24679 + 4 24689 

— 4135710 + ¢ 135810 + ¢ 4136710 + 136810 + ¢$145710 + $145810 + 146710 — 4 $146810 
—1 6235710 — $235810 — 236710 + ¢ 4236810 — 4245710 + ¢ $245810 + 4 $246710 + 246810 
—? 713579 — 713589 — 713679 + 4713689 — 714579 + 4714589 + + 714679 + 714689 

+723579 — 4723589 — ¢ 723679 — 723689 — 1724579 — 724589 — 724679 + 4724689 
—7135710 + ¢ 7135810 + 47136710 + 7136810 + ¢ 7145710 + 7145810 + 7146710 — 47146810 
—4 7235710 — ¥235810 — 236710 + 47236810 — 245710 + * 7245810 + ¢ 7246710 + ¥246810 
—t 613579 — 613589 — $13679 + ¢$13689 + 614579 — 1 ¢14589 — ¢ $14679 — $14689 
23679 + 623689 — 724579 — 24589 — 24679 + ? 24689 
— 4135710 + ¢ 4135810 + ¢ 136710 + 136810 — ¢ 4145710 — #145810 — 146710 + ¢ 146810 


—1 6235710 — 235810 4 


— 23579 +7 23589 +7 

















¢$235710 + $235810 


— 723579 + 7723589 +? 
—7135710 + #7135810 4 











77235710 + 7235810 
































23679 + 23689 + 





7124710 — #7124810 — *356710 — ¥356810 — ¥456710 + 4 7456810 
+412579 — 1612589 — 712679 — 12689 — $34579 + 7 34589 + ¢ 34679 + $34689 

—i $125710 — 125810 — 126710 + ¢ 126810 + ¢ 345710 + 4345810 + $346710 — * 346810 
+712579 — 4712589 — ¢712679 — 712689 — 734579 + + 734589 + ¢ 734679 + 734689 

—4 7125710 — 7125810 — 7126710 + 47126810 + * 7345710 + ¥345810 + 7346710 — ¢ Y346810 
+413479 — 1613489 + 15679 — + ¢15689 4 
—t 6134710 — $134810 — ¢ 156710 — 156810 + 4234710 — + %234810 + 256710 — ¢ 256810 
+713479 — 4713489 + 715679 — 7715689 + + 723479 + 723489 + 4725679 + 725689 

—? 7134710 — 7134810 — 47156710 — 7156810 + 7234710 — ¢ 7234810 + 7256710 — + 7256810 
+412379 — 1612389 + ¢ 12479 + 12489 4 
—1 6123710 — 123810 4 


+ 7623479 + 23489 + ? 25679 + 25689 








t 635679 — 35689 + ¢ 45679 + 445689 


+ 6124710 — 4 $124810 — * 356710 — 356810 + 456710 — 4 456810 
712479 + 712489 + 735679 — * 735689 + 7745679 + 745689. 

t ¥124710 — ¢7124810 — 47356710 — 7356810 + 7456710 — ¢ 7456810 
12679 + 12689 + 
o — ¢¢126810 — + 4345710 — $345810 + $346710 — 7 $346810 
i712679 + 712689 + 734579 — ¢ 734589 + 7734679 + Y34689__ 

t Y126710 — ¢ 7126810 — 47345710 — 7345810 + 7346710 — ¢ ¥346810 
—i $13579 — 13589 + 13679 — + ¢13689 + 14579 — ¢ 14589 + 4 ¢14679 + $14689 


+ 634579 — 1634589 + ¢ 634679 + 434689 


























t 4624579 + 624589 — $24679 + ¢ 624689 




















$236710 — ¢ 236810 — 245710 + 4 ¢245810 + ¢ 246710 + 246810 
—? 713579 — 713589 — 713679 + 4713689 + 714579 — *714589 — * 714679 — 714689 
723679 + 723689 — + 724579 — 724589 — 724679 + * 724689. 
+ 47136710 + ¥136810 — 7145710 — 7145810 — 7146710 + 4 7146810 
7236710 — ¢ 236810 — ¥245710 + ¢ ¥245810 + 4 7246710 + 7246810 
—t 613579 — 613589 + 13679 — ¢ 13689 — 14579 + 1 ¢14589 — ¢ $14679 — $14689 
— 423579 + ¢ $23589 — ¢ 623679 — 23689 + ‘424579 + 624589 — 424679 + 7 24689 
— 4135710 + ¢ 135810 — ¢ 136710 — 136810 + ¢ 145710 + 145810 — 146710 + ¢ 146810 
¢ $235710 + 4235810 — 236710 + ¢ 236810 + 4245710 — ¢ 4245810 + ¢ 6246710 + 246810 
—4713579 — 713589 + 713679 — 713689 — 714579 + 4714589 — ? 714679 — 714689 
—723579 + 4723589 — *723679 — 723689 + ? 724579 + 724589 — 724679 + * 724689 
—7135710 + 47135810 — #7136710 — 7136810 + 47145710 + 7145810 — 7146710 + 4 7146810 
¢ 7235710 + 7235810 — 7236710 + ¢ 7236810 + 7245710 — #245810 + 4 ¥246710 + 7246810 

















+i 413478 — + 15678 — $23478 + 25678 + ¢ 4134910 — + ¢156910 — $234910 + $256910 
—2713478 + 4715678 — 723478 + 725678 — 7134910 + ¢ 7156910 — 7234910 + 7256910 

—i $12378 + 12478 + 4635678 — 45678 — ¢ 123910 + 124910 + ¢ 356910 — 6456910 
7712378 + 712478 — ¢735678 — 745678 + 
+7 $12578 — 612678 — + ¢34578 + 34678 + ¢ 4125910 — $126910 — 4 345910 + $346910 





77123910 + 7124910 — *?¥356910 — 7456910 





—4 712578 — 712678 + ¢ 734578 + 734678 — + 7125910 — 7126910 + * ¥345910 + 7346910 
—1 613478 — + 415678 + 23478 


—2713478 — *715678 + 723478 + 





+ 625678 — + 134910 — 44156910 + 234910 + 256910 
+ ¥25678 — 77134910 — 77156910 + 7234910 + ¥256910 


—1 12378 + 12478 — + 435678 + ¢45678 — + 123910 + $124910 — *%356910 + %456910 
—4 712378 + 712478 — 7735678 + 745678 — #7123910 + 7124910 — * 7356910 + 7456910 


—1 12578 — 612678 + ¢$34578 4 


+4 712578 — 712678 — # 





—$13578 + ¢ 13678 + ¢ 614578 + 


— 4135910 + ¢ 136910 4 
—713578 — +713678 — 7 


Y34578 7 


t ¢01459 


° 714578 + 714678 — 
—7135910 — +7136910 — 7145910 + 71469 


r Y34678 — 








t 634678 + ¢ 125910 + 4126910 — 4 345910 — 346910 


i 7125910 + 7126910 + 47345910 — 7346910 


t 14678 + 7623578 + 23678 + 624578 — 1924678 
10 + $146910 + ¢ 235910 + $236910 + 245910 — ¢ 4246910 


4723578 + 723678 + 724578 + 4724678. 
10 — 77235910 + 7236910 + 7245910 + * 246910 





— 413578 — +¢13678 — + ¢14578 + 14678 + ¢ 23578 — 23678 — $24578 — ¢$24678 





— 4135910 + #4136910 + 





t +1459 








—713578 + 4713678 + 4714578 + 714678 — E : 
—7135910 — #7136910 — ?7145910 + 7146910 + 7 7235910 — 7236910 — 7245910 — 4 7246910 





10 + 146910 — 7 4235910 — 236910 — 245910 + 4 4246910 





7723578 — 723678 — Y24578 + 7724678 
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— 13578 — +¢13678 + 414578 — $14678 — +$23578 + $23678 — 624578 — 124678, 
—%135910 — + 4136910 + + ¢145910 — 146910 — + 235910 + 4236910 — 245910 — ¢ 246910 


—713578 + 4713678 — #714578 — 714678 + 
—7135910 + ¢7136910 — 47145910 — 7146910 4 
¢ 13678 — ¢ $14578 — $14678 
—%135910 + +%136910 — +¢145910 — $146910 
—713578 — 4713678 + 4714578 — 714678 + 
—7135910 — #7136910 + 77145910 — 7146910 4 





— 13578 + 











— 1623578 — $23678 + 624578 
— 4235910 — 4236910 + 245910 
+ 4923578 — 723678 + 724578 + ¢ 724678. 
t 47235910 — ¥236910 + 7245910 + ¢ 7246910 


+ 2723578 + 723678 — 724578 + 4724678. 
+ + 7235910 + 7236910 — 7245910 + * 7246910 


— ¢624678 
— 4 $246910 








The following complex scalar fields and lowering matrices make the (| , 0) states (3, 1, 10) (see eq. 


The following Complex scalar fields and lowering matrices make the (0, 0) states of (1, 1,6). (see eq. 


— 13479 — +¢13489 + 15679 + 415689 + 4 423479 — 623489 — 1 $25679 + 25689 











—t 6134710 + $134810 
—713479 — + 
—#7134710 + 7134810 


+¢12379 + +$12389 — 
+7 $123710 — 123810 
+712379 + 7712389 — 
+7 7123710 — 7123810 














¢ 156710 — 156810 — $234710 — ¢ 6234810 + 256710 + ¢ 256810 
713489 + 715679 + + 715689 + 7723479 — 723489 — 4725679 + 725689 

77156710 — 7156810 — ¥234710 — 47234810 + 7256710 + ¢ 7256810 
i 612479 + 12489 — 35679 — ¢$35689 + ¢ $45679 — $45689 

+ $124710 + 4124810 — ¢ 356710 + 4356810 — 4456710 — 4 456810 
1712479 + 712489 — 735679 — 7735689 + 745679 — 745689 

+ 7124710 + 47124810 — ¢ 7356710 + 7356810 — ¥456710 — * ¥456810 


—¢12579 — +¢12589 + ¢ $12679 — 12689 + 34579 + 1 434589 — 1 $34679 + $34689 














































































































—1 $125710 + $125810 — 126710 — ‘4126810 + ¢ 345710 — $345810 + 4346710 + 4 346810 
—712579 — 712589 + 7712679 — 712689 + 734579 + + 734589 — + 734679 + 734689. 

—# 7125710 + ¥125810 — 7126710 — 7126810 + 4345710 — 7345810 + ¥346710 + 4 7346810 
—$%13479 — ¢ 13489 — $15679 — + 15689 — ¢ 23479 + 623489 — 7 25679 + 625689 

—1 134710 + 4134810 — ¢ 156710 + 156810 + 234710 + 4 $234810 + 256710 + 4 256810 
—713479 — +713489 — 715679 — + 715689 — * 723479 + 723489 — + 725679 + 725689 

—4 7134710 + 7134810 — 47156710 + 7156810 + ¥234710 + ¢ 7234810 + 7256710 + 47256810 
—$%12379 — ¢ 12389 — +¢12479 + 12489 — 35679 — ¢ 35689 — 7 45679 + 645689 

—7 123710 + 4123810 + 124710 + ¢ 124810 — 4 4356710 + $356810 + 456710 + 4 6456810 
—712379 — 7712389 — 7712479 + 712489 — 735679 — 7735689 — ? 745679 + 745689 

—4 7123710 + 7123810 + 7124710 + ¢ 7124810 — * 356710 + ¥356810 + ¥456710 + * 7456810 
—¢12579 — 1612589 — + ¢12679 + 12689 — $34579 — 7 $34589 — ¢ 34679 + $34689 

—t 125710 + $125810 + 4126710 + 4 4126810 — ¢ 4345710 + $345810 + 346710 + * 346810 
—712579 — 712589 — 4712679 + 712689 — 734579 — + 734589 — + 734679 + 734689 

—# 7125710 + 7125810 + 7126710 + #7126810 — ¢ 7345710 + 7345810 + ¥346710 + ¢ 7346810 
+7 13579 — 13589 — 13679 — + 413689 — 14579 — + 14589 — 4 14679 + $14689 

— 23579 — 1 $23589 — 123679 + 23689 — 1 624579 + 24589 + $24679 + ? 24689 

— 4135710 — 4135810 — ¢ 136710 + 4136810 — + ¢145710 + 145810 + 146710 + 4 146810 
—7 235710 + 235810 + 4236710 + ¢ 236810 + $245710 + ¢ 6245810 + ¢ 246710 — 246810 
+4 713579 — 713589 — 713679 — 7713689 — 714579 — 4714589 — ?714679 + 714689 

—723579 — ¢ 723589 — ¢ 723679 + 723689 — 4724579 + 724589 + 724679 + ¢ Y24689 
—7135710 — 47135810 — ¢ 7136710 + 7136810 — ¢ 145710 + 7145810 + 7146710 + ¢ 7146810 
—4 7235710 + 7235810 + ¥236710 + 4 7236810 + ¥245710 + 77245810 + 47246710 — 7246810 
+7 13579 — 13589 + 13679 + ¢ 13689 + 614579 + ¢ 14589 — ¢ 14679 + 14689 

— 23579 — 7623589 + ¢ $23679 — 23689 + 1%24579 — 24589 + 24679 + ? 24689 

— 4135710 — 14135810 + ¢ 4136710 — 4136810 + ¢ 145710 — $145810 + 146710 + 4 146810 
—7 6235710 + 235810 — 236710 — ¢ 236810 — 245710 — ‘4245810 + ¢ 246710 — $246810 
+4 713579 — 713589 + 713679 + ¢ 713689 + 714579 + 4714589 — 7714679 + 714689 

—723579 — 7723589 + *723679 — 723689 + 7724579 — 724589 + 724679 + * 724689. 
—7135710 — 47135810 + 47136710 — 7136810 + + 7145710 — 7145810 + 7146710 + * 7146810 
—4 7235710 + ¥235810 — 7236710 — 47236810 — ¥245710 — ¢ 245810 + ¢ 7246710 — 7246810 





+4 613579 — $13589 + 
+23579 + + $23589 — 
—$%135710 — ¢ 6135810 
+4 6235710 — $235810 
+7713579 — 713589 + 
+723579 + 4723589 — 
—%7135710 — ¢ 7135810 
+7 7235710 — 7235810 
+4 d13579 — 
+423579 + ¢ 23589 + 





— 135710 — ¢ 6135810 
+4 6235710 — $235810 
+4 13579 — 713589 — 





+723579 + 7723589 + 
—7135710 — 47135810 





io 
H 
I 








— $236710 


1723679 — 723689 — + 724579 + 724589 4 


— #7136710 


+4 235710 — 7¥235810 — 236710 — *¥236810 4 


—4 613456 
+4 13456 
+t 12356 
—4 712356 
—4 $12345 
+4 912345 
+t 613456 
—4 713456 
—4 $12356 
+4 712356 
+t $12345 
—4 712345 





i 623679 + 23689 + +$24579 — 24589 
+ 44136710 — 136810 — *¢145710 + 145810 — 146710 — ¢ 146810 
+ $236710 + ¢ 236810 — 4245710 — ¢ 245810 + ¢ 6246710 — $246810 
713679 + 4713689 — 714579 — 7714589 + 4714679 — 714689 

4723679 + 723689 + 4724579 — 724589 + : 
+ 47136710 — 7136810 — #7145710 + 7145810 — 7146710 — 47146810 
+ 7236710 + 47236810 — 245710 — * 7245810 + ¢ 246710 — 7246810 
— 613589 — 13679 — ¢ 13689 + 614579 + 714589 + ¢ 614679 — 14689 

+ 623679 — 23689 — ¢ 24579 + 24589 + 
— + 136710 + $136810 + 





13679 + + 613689 — $14579 — ¢ $14589 + ¢ 14679 








— 614689 














$24679 


t 024689 


+ 24679 + 4724689 


f + 24679 + * 624689 
+ ¢145710 — $145810 — 146710 — 4 4146810 


— 46236810 + 245710 + 4 6245810 + ¢ 4246710 — 4246810 
713679 — 7713689 + 714579 + 4714589 + 7714679 — 714689 





+ 24679 + 4724689 


+ 7136810 + 47145710 — 7145810 — 7146710 — *7146810 











+ $23456 + 14178910 — 6278910 
+ 723456 — ? 7178910 — Y278910 
— 612456 — 4378910 + $478910 
— 712456 + 77378910 + 7478910 
+ $21346 + 14578910 — 678910 
+ 721346 — * 578910 — Y678910 
+ 623456 + 14178910 + 278910 
+ 723456 — ¢ 7178910 + ¥278910 
— 12456 — + 4378910 — 478910 
— 712456 + ¢ 7378910 — 7478910 
+ 12346 + 14578910 + 678910 
+ 712346 — 4578910 + Y678910 
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t Y245710 + ¢ 7245810 + ¢ 246710 — 7246810 















































C. CHARTS FOR WEIGHTS OF Ls, R3, U3-s-15 AND Q 





representation. We proceed in the order Lz , R3 , U3, Ug, Ui5 and Q. Each one is divided into 4 blocks which are 
given in the order (11), (21), (12), (22) respectively. They are obtained as explained in Appendix A in eqs.|A.1 


to[A.3] 


In the following pages, we present for basis C, the eigenvalues at the sites of 32 x 32 matrices in the adjoint 
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